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Prefae
The request of a oherent quantization for the gravitational eld dynamis emerges
as a natural onsequene of the Einstein Equations: the energy-momentum of a eld
is soure of the spae-time urvature and therefore its mirosopi quantum features
must be reeted onto mirogravity eets. The use of expetation values as soures
is well-grounded as a rst approximation only, and does not fulll the requirements
for a fundamental theory.
However, as well-known, the ahievement of a onsistent Quantum Gravity the-
ory remains a omplete open task, due to a variety of dierent subtleties, whih are
here summarized in the two main ategories: -General Relativity is a bakground-
independent theory and therefore any analogy with the non-Abelian gauge for-
malisms must deal with the onept of a dynamial metri eld; -the implementation
in the gravitational setor of standard presriptions, assoiated with the quantum
mehanis paradigms, appears as a formal proedure, laking of real physial on-
tent.
There exists a qualitative onsensus on the idea that a onvining solution to the
Quantum Gravity problem will not arise before General Relativity and Quantum
Mehanis are both deeply revised in view of a onverging piture. Indeed, over the
last ten years, the three most promising approahes to Quantum Gravity (i.e. String
Theories, Loop Quantum Gravity and Non-ommutative Geometries) revealed om-
mon features in dening a lattie nature for the mirophysis of spae-time. This
onsideration makes lear that, up to the best of our present understanding, the
main eort to improve fundamental formalisms must be the introdution of a ut-
o physis, able to replae the notion of a spae-time ontinuum by a onsistent
disrete senario. The orretness of suh a statement will be probably regarded
as the main suess of the end of the last entury reahed in Theoretial Physis.
A proper task for the present entury is now to onstrain, as properly as possible,
the morphology of suh a disrete mirostruture of spae-time, to get, at least, a
phenomenologial desription for Quantum Gravity phenomena. From a theoreti-
al point of view, an important aim would onsist of a unied piture ontaining
ommon features of the present approahes, but synthesized into a more power-
ful mathematial language. On the one hand, it would be important to reognize
non-ommutative properties in the loop representation of spae-time. On the other
hand, transporting the bakground independene of the spin networks into the
interation framework haraterizing String Theories would take a ruial role. The
viability of these two goals is an intuitive perspetive, but it ontrasts with the
rigidity of the orresponding formalisms, whih onrms the request for more gen-
iii
eral investigation tools.
The simplest approah to the quantization of General Relativity relies on the im-
plementation of the anonial method on the phase-spae struture assoiated with
the gravitational degrees of freedom. This attempt is the one originally pursued by
B. DeWitt in 1967 and it immediately revealed all the pathologies ontained in the
anonial quantum geometrodynamis. However, it was just this lear inonsistene
of the anonial quantum proedure referred to the seond order formalism that at-
trated the attention of a large number of researhers, ative on the last four deades.
This strong eort of re-analysis, whih ould give the feeling of an overestimation
of the real hanes allowed by the anonial method, found its merry ending in
the reent developments in Loop Quantum Gravity and its appliations. In fat,
the formulation of the Hamiltonian problem for General Relativity provided by A.
Ashtekar in 1986, allowed for a new paradigm for the anonial method, in lose
analogy with an SU(2) gauge group. The main suess of Loop Quantum Gravity is
reognizing a disrete struture of spae-time, by starting from ontinuous variables
in the phase spae of the theory. The origin of suh an exellent result onsists in
the disrete nature aquired by the spetra of areas and volumes, reeting to some
extent the ompatness of the SU(2) group emerging in this formulation.
The merit of the Loop Quantization of gravity an be identied in the possibility
to deal with non-loal geometrial variables, like holonomies and uxes, instead of
the simple metri analysis faed by DeWitt. In fat, using these physial properties
assoiated with the onnetion and eletri elds, the bakground independene of
the theory naturally emerges, and the quantum struture of the spae-time omes
out, as far as the Hilbert spae is haraterized via the spin-network basis.
The aim of this review is to provide a detailed aount of the physial ontent
emerging from this story of the anonial approah to Quantum Gravity. All the
ruial steps in our presentation have a pedagogial harater, providing the reader
with the neessary tools to beome involved in the eld. Suh a pedagogial aspet
is then balaned and ompleted by subtle disussions on spei topis whih we
regard as relevant for the physial insight they outline on the treated questions. Our
analysis is not aimed at onvining the reader about a pre-onstituted point of view,
bu instead our prinipal goal is to review the piture of Canonial Quantum Gravity
on the basis of the onrete fats at the ground of its lear suesses, but also of its
striking shortomings.
In order to fous our attention on the physial questions aeting the the onsis-
tene of a anonial quantum model, when extended to the gravitational setor, we
provide a ritial disussion of all the fundamental onepts of quantum physis,
by stressing the peuliarity of the gravitational ase in their respet. All the key
features of Loop Quantum Gravity are desribed is some details, presenting the spe-
i tehnialities, but privileging their physial interpretation. Finally, all the open
questions onerning the faed topis are learly outlined by a preise ritiism on
the weak points present in the new quantum onstrution.
The detailed struture of the review is
iv
• in the rst hapter, we reall the basi features of quantum mehanis (setions
1.1 and 1.2), and fous our attention on the problem of time (setions 1.3 and
1.4). Furthermore, we also introdue the Weyl-quantization method (setion
1.5), based on a dierent representation of operators in anonial ommutation
relations, and outline the main steps of the GNS onstrution (setion 1.6).
• in the seond hapter, the standard Hamiltonian formulation of General Rel-
ativity is reviewed: a disussion on the fundamental role of Einstein-Hilbert
ation and of its possible modiations is presented in setion 2.1, while, in
2.2, the Gauss-Codazzi equations governing the spae-time sliing are inferred.
The full Hamiltonian desription is given in 2.3, and, in 2.4, the orresponding
Hamilton-Jaobi equation is disussed. Finally, the redution to the anonial
form is presented in setion 2.5.
• the third hapter outlines similarities and dierenes between General Rela-
tivity and gauge theories. In 3.1, the framework of gauge theories is presented,
while, in 3.2, the main properties of a Palatini-like formulation for gravity are
pointed out. Then, starting from the behavior of spinors in a urved spae,
a omparison between these two frameworks is made in 3.3. An example of
gravity as a gauge theory is emphasized in setion 3.4, where Poinaré gauge
theory is presented. Setion 3.5 deals with the Holst formulation of General
Relativity, for whih a phase spae similar to the one of gauge theories omes
out as soon as Ashtekar-Barbero-Immirzi onnetions are taken as ongura-
tion variables. In this respet, the full set of onstraints is expliitly evaluated.
Finally, in setion 3.6, the intriguing role of the Kodama state, whih is the
only up-to-now known solution of suh onstraints, is outlined.
• in fourth hapter, the quantization of the gravitation eld is analyzed. After
revising the WDW equation (setion 4.1), we reappraise the problem of time
in some quantization shemes (setion 4.1). The interpretation of the wave
funtion of the Universe is disussed in setion 4.3, and the idea of third
quantization is then proposed (setion 4.4).
• the fth hapter is devoted to Loop Quantum Gravity. Properties of holonomy
and ux variables are analyzed in setion 5.1: after some speulation on the
physial meaning of holonomies in quantum theories in subsetion 5.1.1, their
role in lattie gauge theories is outlined in 5.1.2, while their appliation to the
Loop Quantum Gravity framework is presented in 5.1.3. The spetra of the
area and volume operators are evaluated in setion 5.2, and their disreteness
is pointed out. Setion 5.3 desribes attempts towards the resolution of the
quantum dynamis. This issue leads, in 5.4, to a disussion on the main
open points of Loop Quantum Gravity and the possibility to solve them in
the ontext of the Master Constraint Analysis and of Algebrai Quantum
Gravity is skethed in subsetion 5.4.1. As an appliation to a minisuperspae
v
model, where the dynamis an be solved, isotropi loop quantum osmology
is desribed in setion 5.5. Other issues are presented in setions 5.6, where the
role of Immirzi parameter is outlined, and in 5.7, where the boost invariane
in Loop Quantum Gravity is disussed. Finally, in setion 5.8, a omparison
between the piture of the quantum spae-time oming out from the Loop
Quantum Gravity and the Wheeler DeWitt frameworks is performed.
We would like to thank Abhay Ashtekar for interesting disussions on Loop Quan-
tum Gravity we had with him during the First Stuekelberg Workshop (Pesara,
June 25-July 1 2006), and whih inspired this review work.
We would also like to thank Rihard Arnowitt, Stanley Deser and Charles W.
Misner for their omments and disussion on the Hamiltonian formulation of Generel
Relativity and for having alled out attention on the spei relevane of referene
[9℄.
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1 Quantization methods
1.1 Classial and quantum dynamis
In this setion we will revise some fundamental features of Quantum Mehanis, in
order to x the notation and to give a lear insight of the basi formalism underlying
the quantization proedure [45, 122, 155℄.
Dira observables Observables are desribed by Hermitian operators that at on
vetors in Hilbert spaes; these vetors desribe the set of all the possible states the
system an be found in. A ket |α > in a Hilbert spae H an be deomposed along
a basis of the Hilbert spae, {|a >}, satisfying the identity∑a |a >< a| = I, so that
|α >=
∑
a
|a >< a|α > . (1.1)
The result of a measure does not depend on the haraterization of the Hilbert
spae or on the hoie of the basis, but only on the denition of observables. On
the one hand, from a physial point of view, the equivalene of a desription of an
observable A1 in a Hilbert spae H1 with that of A2 in H2 is given by the unitary
transformation U , U : H1 → H2, suh that A1 = U−1A2U . On the other hand, the
ruial operation is the denition of self adjoint operators from lassial quantities.
When a measure of an observable A is performed, the system, whih was previously
desribed as a linear ombination of the eigenstates of A, (1.1), falls into one of
these states |a′ >∈ {|a >}, whih orresponds to the spetral value a′ of A, i.e. the
measure operation hanges the state of the system unless the system was already in
an eigenstate of the observable. Sine (1.1) desribes the system before the measure,
it is not possible a priori to know whih state |a′ >∈ {|a >} will be the result of the
measure, but the probability Pa′ of a partiular result |a′ > is given by
Pa′ = | < a′|α > |2. (1.2)
The expetation value of an observable A with respet to |α >, < A >α is dened
as
< A >α≡< α|A|α >=
∑
|a′>∈{|a>}
a′Pa′ . (1.3)
From a phenomenologial point of view, the probability (1.2) has to be determined
after a lot of measures on systems of idential preparation, all haraterized by the
1
same ket |α >, i.e. e set of pure states. A mixture is a set of states |αi >, eah
one with a perentage weight wi, suh that
∑
iwi = 1. The ensemble average of an
operator A on a mixture is dened as
[A] =
∑
i
wi < αi|A|αi >=
∑
i
wi < A >αi, (1.4)
where where the expetation value (1.3) is weighted by the wi's. If the density
operator ρ is introdued,
ρ ≡
∑
i
wi|αi >< αi|, (1.5)
the ensemble average rewrites
[A] = tr(ρA). (1.6)
The density operator is self adjoint, and tr(ρ) = 1. For a pure state, |αj >, wj = 1,
the density operator ρ = |αn >< αn| is idempotent, ρ2 = ρ, so that tr(ρ2) = 1.
It's worth remarking that probabilities (1.2) are given by squared amplitudes, and
the vetor |α > in H annot be measured: the vetor |α > in H and the ray λ|α >,
λ ∈ Z, |λ|2 = 1 are a representation of the same physial state, as they give the same
ontribution to a measure. It is rays, rather then vetors, that represents physial
states in H .
Poisson brakets and ommutators Quantum states are haraterized by the
anonial ommutation relations, whih hold between those operators that dene
the quantum system.
The anonial ommutation relations
[xi, xj ] = 0, [pi, pj] = 0, [xi, pj] = i~δij (1.7)
an be inferred from the quantum properties of translations alone: suh a derivation
an be performed also for quantum objets that have no lassial analogue. However,
quantum-mehanial ommutators [ ] an be obtained from the orresponding
lassial Poisson brakets [ ]cl
[A(p, q), B(p, q)]cl ≡
∑
s
(
∂A
∂qs
∂B
∂ps
− ∂A
∂ps
∂B
∂qs
)
(1.8)
by the replaement
[ ]cl → [ ]
i~
. (1.9)
This identiation is possible beause both Poisson brakets and ommutators obey
the algebrai properties
[A,A] = 0, [A,B] = −[B,A], [A, c] = 0, c ∈ Z, (1.10)
2
[A+B,C] = [A,C] + [B,C], [A,BC] = [A,B]C +B[A,C], (1.11)
[A, [B,C]] + [B, [A,C]] + [C, [A,B]] = 0, (1.12)
the fator 1/i~ being neessary in (1.9), beause, while the Poisson brakets of two
real funtions are real, the ommutator of two Hermitian operator is anti-Hermitian.
This way, the third of (1.7) an be derived from the lassial [xi, pj]cl = δij through
(1.9).
The motion equation for an operatorAH in the Heisenberg piture, whose Shroedinger
representation does not depend on time expliitly,
dAH
dt
=
1
i~
[AH , H ] (1.13)
an be derived, from a quantum-mehanial point of view, from the properties of
the time-evolution operator and the denition of AH alone. On the other hand, suh
a motion equation ould be obtained, from a lassial point of view, for a funtion
A(p, q) that does not depend on time expliitly,
dA(p, q)
dt
= [A,H ] (1.14)
through the replaement (1.9). Again, the replaement (1.9) allows one to obtain
quantum relations from lassial ones, but (1.13) an be worked out from quantum
properties even for operators that have no lassial analogue, thus pointing out one
more that lassial mehanis an be derived as the limit of quantum mehanis,
but the onverse is not true.
1.2 Quantum operators and wave funtions
After implementing the anonial ommutation relations from a quantum point
of view, it is possible to nd out the representations of suh operators.
In the oordinate representation, the wave funtion ψα(x) for the state |α > is given
by
ψα(x) =< x|α > (1.15)
while, in the momentum representation, we get
ψα(p) =< p|α > . (1.16)
These two representations are linked by Fourier duality, i.e., it is possible to pass
from a representation to the other one by Fourier transform. The probability of
nding the system in a given state, say |α′ >, is given by 1.3
Pα′ =
∫
D
dx|ψα′(x)|2 <∞, (1.17)
3
and the equivalent version in the momentum representation, so that wave funtions
belong to the Hilbert spae H = L2(D, dx), where the integration domain D (and
therefore, the speiation of L2) depend on the physis to be desribed.
Sine the momentum p is the generator of translations, its ation in the oordi-
nate and in the momentum representations is given by P = −i~∂/∂x and i~∂/∂p.
respetively, while x an be shown to behave as a multipliative operator.
1.3 Dierene operators versus dierential
operators
It is also possible to implement a quantum-mehanial system by introduing
dierene operators instead of dierential operators [60℄, i.e.,
Dx1,x2f(x) =
f(x2)− f(x1)
x2 − x1 , x2 6= x1, x1, x2 ∈ R, (1.18)
and the dierential ase should be reovered in the limiting proess x2 → x1.
In partiular, the derivative an be replaed by two kinds of operators
• additive operators Da, i.e.
Daf(x) =
f(x+ a)− f(x− a)
(x+ a)− (x− a) =
f(x+ a)− f(x− a)
2a
, a ∈ R (1.19)
• multipliative operators Dq, i.e.
Dqf(x) =
f(qx)− f(q−1x)
qx− q−1x =
1
x
f(qx)− f(q−1x)
q − q−1 , q ∈ R. (1.20)
Considering dierene operators instead of dierential operators an be onsistent
for those ases, where dierential operators do not exist, or where a disretized
underlying struture is hypothesized, i.e., if a lattie is onsidered. Aording to the
previous denitions, two kinds of latties an be reognized, respetively, i.e.
• uniform a-latties, i.e. La = {x0 + ja|j ∈ Z, x0 ∈ R}
• uniform q-latties, i.e. Lq = {x0qj|j ∈ Z, x0 ∈ R, x0 6= 0}.
The introdution of a sale is losely related to the denition of a sale, and the
onsequene ontinuum limit. The relevane in introduing a sale is the possibility
to fous the attention from the points of the lattie to the intervals dened by the
lattie, with the aim of approximating ontinuous funtions on R with funtions that
are onstants on suh intervals. For any given sale, one an approximate funtions
on the lattie, and one an pass from one sale to the next one by a oarse-graining
map [51℄.
4
The Eherenfest theorem If motion equations are looked for, the proper Hamil-
tonian operator has to be found. In Quantum Mehanis, for a physial system,
whih has a lassial analogue, the variables x and p have to be replaed by the
orrespondent operators.
The Heisenberg equations of motion an be evaluated for a free partile, whose
Hamiltonian is taken of the form
H =
p2
2m
=
∑
i
p2i
2m
, (1.21)
where i = 1, 2, 3, and m is the mass of the partile. In the Heisenberg piture, one
has
dpi
dt
=
1
i~
[pi, H ] = 0, (1.22)
dxi
dt
=
1
i~
[xi, H ] =
pi
m
=
pi(0)
m
: (1.23)
the momentum operator is a onstant of the motion, pi(0) = pi(t), while for the
position operator, the solution
xi(t) = xi(0) +
(
pi(0)
m
)
t (1.24)
is found.
If a potential V (x) is added to the Hamiltonian (1.21), i.e.
H =
p2
2m
+ V (x), (1.25)
eqs. (1.22) and (1.23) rewrite
dpi
dt
=
1
i~
[pi, V (x)] = − ∂
∂xi
V (x), (1.26)
dxi
dt
=
1
i~
[xi, H ] =
pi
m
, (1.27)
so that
dx2i
dt2
=
1
m
dpi
dt
, (1.28)
whih, together with (1.26), gives the quantum analogue of the Newton law,
m
d2x
dt2
= −∇V. (1.29)
Its expetation value reads
m
d2
dt2
< x >= − < ∇V >, (1.30)
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and is known as the Eherenfest theorem: expetation values are independent of the
piture, and there is no reli of ~. While, in the ase of the free Hamiltonian, the
time evolution of a wave-paket desribes a deloalization as time goes by, in the
ase of the potential V (x), the motion of enter of the wave-paket is that of a
lassial partile with a potential V (x).
For an appliation of the Ehrenfest theorem in the framework of anonial quantum
gravity, see [85℄.
Hamilton-Jaobi formalism In the ase that the Hamiltonian H depends ex-
pliitly on the time t, a anonial transformation [5℄ an be looked for, suh that
the oordinates and the momenta (q, p) evaluated at the time t an be written as
onstants quantities (q0, p0) at the time t, i.e.
q = q(q0, p0, t), p = p(q0, p0, t) : (1.31)
if the new variables are onstant in time, the transformed Hamiltonian K = H +
∂F/∂t, where F is the generating funtion of the anonial transformation, vanishes
identially, and the equations of motion read
∂K
∂Pi
= Q˙i = 0, − ∂K
∂Qi
= P˙i = 0. (1.32)
If F ≡ F (q, P, t), then pi = ∂F/∂qi, and K rewrites
H (q1, ..., qn, ∂F/∂q1, ..., ∂F/∂qn) = ∂F∂t = 0, (1.33)
whih is known as the Hamilton-Jaobi equation, and its solution, S, is the prinipal
Hamilton funtion. S is the generating funtion of a anonial transformation that
leads to onstant oordinates and momenta, and denes an equivalene between the
2n rst-order dierential equations of motion and the rst-order partial-derivative
Hamilton-Jaobi equation. The Hamilton prinipal funtion is related to the La-
grangian L by
S =
∫
dtL+ const, (1.34)
sine
dS
dt
=
∂S
∂qi
q˙i +
∂S
∂t
= piq˙i −H. (1.35)
It is always possible to split the funtion S into two parts, one that depends on the
{qi} only, and one that depends on time only, if the HamiltonianH does not depend
on time expliitly: in this ase, the Hamilton-Jaobi equations reads
∂S
∂t
+H
(
qi,
∂S
∂qi
)
= 0, (1.36)
so that it an be guessed that the expression of S as a funtion of the new momenta
{αi} should write
S(qi, αi, t) = W (qi, αi)− α1t. (1.37)
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After diret substitution of (1.37) in (1.36), one nds
H
(
qi,
∂W
∂qi
)
= 0, (1.38)
whih is independent of time, and the integration onstant α1 orresponds to the
onstant value of the Hamiltonian H . The funtion W , the harateristi Hamilton
funtion, is dened by the ondition H(qi, pi) = αi , and generates a anonial
transformation where all the oordinates are yli.
The WKB method From the Shroedinger equation in 1 dimension(
p2
2m
+ V (x)
)
ψ = Hψ = Eψ, (1.39)
the probability density
ρ(x, t) = |ψ(x, t)|2 (1.40)
and the probability ux
j(x, t) =
(
~
m
)
Im(ψ+
dψ
dx
) =
ρ∇S
m
, (1.41)
whih obey the ontinuity equation
∂ρ
∂t
+
dj
dx
= 0, (1.42)
lead to the expression of the wave funtion
ψ(x, t) =
√
ρ(x, t)e
iS(x,t)
~ . (1.43)
After diret substitution of (1.43) in the time dependent Shroedinger equation
(1.39), it is easy to reognize that the solution of the lassial Hamilton-Jaobi
equation is
S(x, t) = W (x)− Et = ±
∫
x
dx′
√
2m[e− V (x′)]− Et : (1.44)
we stress that the phase of the wave funtion an be interpreted as the solution of
the Hamilton-Jaobi equation from a lassial point of view.
For a stationary state ∂ρ/∂t = 0: by means of the ontinuity equation (1.42), an
expression for ρ is found, whih, substituted in the wave funtion (1.43), leads to
the approximated solution
ψ(x, t) ≃
(
const
[E − V (x)]1/4
)
e±(
i
~
)
R
x dx
′
√
2m[e−V (x′)]− iEt
~ , (1.45)
whih is known as the WKB (Wemtzel, Kramers, Brillouin) solution.
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1.4 Time
The denition of time is not unique, despite its feature of ommonly-experiened
quantity. The measure of time does not shed light on its physial nature, both from
a lassial and from a quantum-mehanial perspetive. In GR, time is generalized
as a oordinate, whih is not, however, the physial time. The puzzle is far from
being solved [144, 33℄, and the inadequay of every a priori haraterization leads
to dierent possibilities of treating time in anonial quantum gravity [108℄, as well
as the denition of partial observables [147, 146, 57, 170℄.
The denition of time Even from a lassial point of view, in Newtonian physis,
time t is a paramater, and an be measured by means of loks. Cloks, however,
do not measure time diretly, but they display its representation T (t), whih might
have a linear funtional dependene on t, i.e., T (t) = αt. The orrespondene is
nevertheless not perfet, as −∞ < t < +∞, while T (t) is dened in within a nite
interval, and is always aeted by an experimental unertainty. Furthermore, the
measure of a time-dependent physial quantity Q depends on T rather than on t,
i.e., Q = Q(T ).
The same idea of external parameter that desribes the dynamis of a system is
present in QM too. In fat, the Shroedinger equation treats the time variable t as
disonneted from the other physial oordinates.
Time in QG The problem of the denition of time in Quantum Gravity arises
from the onit between the lassial denition of time as a xed parameter, and
the invariane of General Relativity under 4-dimensional dieomorphisms, whih
might lead to ontraditory quantized models. In fat, on one hand, it is diult to
introdue the quantum analogue of time, beause time is not a physial observable,
and, on the other hand, time lies at the basis of equal-time anonial ommuta-
tion relations, as well as of the notion of a Hilbert spae, where the salar produt
is onserved. Sine GR is invariant under 4-dimensional dieomorphism, time is
treated as a mere oordinate, but, in order to obtain the Newtonian limit, it would
be neessary to hoose a partiular foliation as fundamental, to label events on a
manifold aording to some physial lok.
The emergene of the lassial role of time from a quantum theory an be ahieved
either before or after the quantization, or by some phenomenologial onsiderations,
in a model where time plays no preise role.
If time is regarded to as fundamental, the anonial onstraints are to be solved
before the quantization of the system, where the internal time is expressed as a
funtional of the anonial variables, but piked up from the set of all the other
dynamial variables by suitable anonial transformations. Alternatively, the in-
teration of matter elds with the spae-time an be used as physial loks, or a
notion of osmologial time an be found in the variable onjugate to a dynamial
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osmologial onstant.
If one wants to disover the role of time after the quantization, it is physial states,
written as funtional of a xed bakground geometries, that arry suh an infor-
mation, in the WDW approah: these states an be treated as operator, in the
third-quantization sheme, or interpreted in their semi-lassial limit.
In the third approah, observables an be hosen as physial loks, if the solutions
of the WDW equations are interpreted as probability densities, or may be assoiated
to operators whih ommute with all the onstraints. Also, many eorts have been
made in order to dene the history of a quantum system, without involving the
notion of time.
For a further disussion of these tantalizing topis see setion 4.2.
Partial Observables The failure to apply to General Relativity the Newtonian
desription of a xed bakground with an external time as a senario where the
partile dynamis takes plae has lead to a new onept of the universe, whose state
is not represented by a given eld onguration, but by an equivalene lass of eld
ongurations under ative dieomorphisms (whih do not involve oordinates ),
whih imply invariant eld equations under oordinate hanges: the new role of o-
ordinates allows for a desription of physial phenomena as the reiproity between
physial objets and the gravitational eld, and the time oordinate annot be as-
signed any peuliar role in the notion of states and observables. Beause of that, no
privileged-referene body or lok an help interating with the gravitational eld,
thus enforing the need to explain mehanis as the onnetion between partial ob-
servables.
Given a Gelfand triple S ∈ K ∈ S ′, partial observables are assoiated to ommuting
operators in the kinematial spae K, and their kinematial eigenstates are in S
[147℄. The equivalene of the salar produt between kinematial states and dynam-
ial states is established by the projetion operator, whose matrix elements are
the transition amplitudes. This way, the result of the measurement operation is the
desription of the spetral properties of an operator in the kinematial spae, while
the dynamial spae aounts for the orrelation between dierent sets or measure-
ments.
The idea of partial observables an be even further generalized in order to dene
Dira observables in gauge systems, and tehniques have been developed to perform
a redued-phase-spae quantization on dieomorphism-invariant states.
1.5 Quantization of Hamiltonian onstraints
First-lass onstraints and seond-lass onstraints an be quantized, aording
to their nature [94℄.
Seond-lass onstraints χα an be expressed in the quantum theory by solving them
lassially, as funtions of some lassial variables, (xα), in terms of some other inde-
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pendent variables, (yi), i.e. χα = 0⇔ xα = fα(yi), and then dening the quantum
representation of the Dira brakets, [yˆi, yˆj] = i~σij(yˆk). Sine it is often diult
to nd irreduible representations of the Dira brakets, it might be onvenient to
turn seond-lass onstraints into rst-lass onstraints by adding extra-variables,
and then using Poisson brakets.
First-lass onstraints, on the other hand, an be quantized by means of the redued-
phase-spae method, the Dira Method, and the Dira-Fok method.
The redued-phase-spae method onsists in eliminating the gauge degrees of free-
dom by quantizing only a omplete set of gauge invariant funtions, to whih a
omplete set of gauge-invariant observables is assoiated, so that the quantization
of seond-lass onstraints beomes equivalent to the redued phase-spae, under
anonial gauge onditions. The diulties arising in this quantization paradigm
are due to the fat that the elimination of the gauge degrees of freedom might de-
stroy the invariane under some symmetry, as well as loality in spae.
In the Dira method, gauge degrees of freedom are eliminated, but kept as opera-
tors in a larger spae, where unphysial features are eliminated by dening gauge-
invariant physial states. The denition of a salar produt in this spae ontains a
gauge ondition, able to eliminate the integration over the gauge degrees of freedom,
so that the physial salar produt oinides with the salar produt in the redued
phase spae.
The Dira-Fok quantization of rst-lass onstraints onsists in assigning to eah
ouple of onstraints and to eah ouple of their onjugated variables a ouple of
destrution and reation operators, thus adopting a Fok representation with an
indenite metri. As a result, the whole system, omposed of the diret produt of
the Fok spae times the standard representation of the physial degrees of freedom,
is invariant under gauge transformations beause destrution operators only annihi-
late physial states, but invariane for reation operators is assured by the presene
of null states, whose salar produt with any state vanishes.
In the next paragraphs, we will apply these quantization tehniques to relevant
examples, where we will appreiate the powerful tools of Dira quantization.
Non-relativisti partile The ation for a single non-relativisti partile in a po-
tential V an be written as a funtion of the anonial variables {xi, pi; } , i = 1, 2, 3,
and the absolute time t:
S[xi, pi] =
∫
dt
(
pi
dxi
dt
−H (xi, pi, t)) . (1.46)
An equivalent expression for (1.46) an be obtained by onsidering an arbitrary label
time τ and the set of variables {xµ = (t, xi) , pµ = (p0, pi)}, µ = 0, 1, 2, 3, through
the introdution of the onstraint H ≡ p0+H (xµ, pi) = 0 and a Lagrange multiplier
N , whih are needed in order to restore the right number of degrees of freedom,
s[xµ, pµ;N ] =
∫
dτ (pµx˙
µ −NH) : (1.47)
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the variation with respet to p0 leads to the physial onnotation of N , N = t˙,
while the variations with respet to xi, pi and t lead to the Hamilton equations,
expressed for the parameter τ , and to the energy-balane equation H˙ = (∂H/∂t)t˙,
respetively.
The quantization of the onstraints onsists in the quantization of the variables in-
volved in the onstraints, and in the denition of the spaes where these operators
live in.
After dening the operator analogues, obeying standard ommutation relations,
of the anonial variables, the super-Hamiltonian, whih beomes an operator it-
self as an eet the substitution, H = 0 → Hˆ = 0, piks up the physial states,
Hˆψ = 0, for whih a suitable Hilbert spae and appropriate self-adjoint operators
have to be dened. If the oordinate representation is hosen for the operators, i.e.,
xµ → xˆµ ≡ xµ, and pν → pˆν ≡ −i∂ν , the wavefuntions are ψ(xµ). Sine the oper-
ators xˆµ and pˆµ satisfy the ommutation relation [xˆ
µ, pˆν ] = iδ
µ
ν , the fator ordering
of these operators beomes ruial in the requirement of preserving the ovariane
and the algebra of onstraints, as well as in the denition of the inner produt.
As an example for the denition of the inner produt, the dynamis of a non rela-
tivisti partile an be investigated, and the quantum onstraint for eq. (1.47) an
be expressed as invariant under dieomorphisms in the xi-spae: s fator ordering
for Hˆ an be hosen, suh that a Laplaian on the eld ψ(xi) appears,
Hˆ = pˆ0 + 1
2
3g
−1/4
pˆi
√
3ggij pˆj
3g
−1/4
+ V. (1.48)
Aordingly, the inner produt
< ψ1, ψ2 >≡
∫
t=const
d3xψ∗1(x, t)ψ2(x, t) (1.49)
is formally onsistent with the spae of the onstraints Hˆψ = 0 and denes the
norm of the Hilbert spae of the solutions; in fat, the two elds obey the onstraint
Hψ1 = Hψ2 = 0 and the ontinuity equation ρ12 + ji12 = 0, where ρ12 ≡ ψ∗1ψ2,
and ji12 ≡ 12 igij (ψ∗1∂
↔
jψ2). It is worth noting that the onstraint Hˆψ = 0 is the
Shroedinger equation, and the inner produt between two wave-funtion does not
depend, by onstrution, on any partiular time slie.
Relativisti partile The denition of an inner produt is not always straightfor-
ward, and one-partile states have not always a preise physial meaning. This is the
ase of a relativisti partile φ(xµ), with a parametrized ation of the form (1.47),
in the xµ representation in urved spae-time, whose onstraint
H ≡ 1
2m
(
gµνpµpν +m
2
)
= 0 (1.50)
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has to be quantized ovariantly under spae-time dieomorphisms.
A fator ordering of the super-Hamiltonian an be found, suh that the D'Alembert
operator operates on salars, i.e.
Hˆφ(xµ) =
[
(4g)−1/2pˆµ
√
4ggµν pˆν +m
2
]
φ(xµ) = 0, (1.51)
whih is the Klein-Gordon equation. As in the previous ase, a ontinuity equation
an be worked out,
∇µjµ12 = 0, jµ12 ≡
1
2
gµνφ1∂
↔
νφ2 (1.52)
for two elds φ1 and φ2. Nonetheless, the funtional
Ω [φ1, φ2] =
1
2
∫
σ
dσµg
µνφ1∂
↔
νφ2, (1.53)
though independent of the spae-time hypersurfae taken into aount, does not
dene the Hilbert spae of the solutions, beause it is antisymmetri: it is, indeed,
the sympleti form of suh a spae.
It is possible, however, to build a omplex Hilbert spae from the solutions of the
real Klein-Gordon equation in stationary spae-time, endowed with a time-like hy-
persurfae orthogonal Killing vetor eld tµ
tµ = N2gµνt,ν , (1.54)
where xµ = (t, xi), N and N i being the lapse funtion and the shift vetor, respe-
tively. In suh oordinates, the Klein-Gordon equation reads
N2Hˆφ ≡ φ¨+ HˆNφ = 0, (1.55)
HˆNφ ≡ N
[−g−1/2 (Ng1/2gijφ,j ) ,i+Nm2φ] . (1.56)
In the Hilbert spae whose inner produt reads
(φ1, φ2) ≡
∫
d3xg1/2N−1φ1φ2, (1.57)
the operator HˆN is symmetri and positive denite, and has a omplete set of eigen-
funtions uE(x
a) obeying the eigenvalue equation
HˆNuE(x
i) = E2uE(x
i), E ≥ E0 > 0 : (1.58)
the projetion of the solutions φ(t, xi) of the Klein-Gordon equation along this basis
allows one to separate positive and negative frequenies,
φ(t, xi) = φ+(t, xi) + φ−(t, xi), φ±(t, xi) =
∫ ∞
E0
dEuE(x
i)e∓iEt. (1.59)
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The map J , i.e. the omplex struture J2 = −1 of the Hilbert spae, sends any real
solution of the Klein-Gordon equation in another real solution,
φ→ Jφ ≡ iφ+ − iφ−, (1.60)
does not depend on time, is ompatible with Ω, i.e.
Ω[φ1, Jφ2] = Ω[φ2, Jφ1], Ω[φ, Jφ] ≥ 0, (1.61)
thus expressing the spae of the solution of the Klein-Gordon equation as a omplex
vetor spae, where the antilinear salar produt reads
< φ1, φ2 >≡ Ω[φ1, Jφ2] + iΩ[φ1, Jφ2], (1.62)
< φ1, Jφ2 >= i < φ1, φ2 >, < Jφ1, φ2 >= −i < φ1, φ2 >, (1.63)
so that norms are positive denite, < φ, φ >≡ Ω[φ, Jφ].
Salar eld Let M4 be a pseudo-Riemannian manifold, endowed with the metri
tensor gµν(y
ρ); a (3+1)-sliing an be performed, suh that a one-parameter family
of spae-like hypersufaes Σ3t : y
ρ = yρ(t, xi) is uniquely dened by the value of t.
After the oordinate transformation yµ → yµ(t, xi), the line element reads
ds2 = gµνdy
µdyν = −N2dt2 + hij(dxi +N idt)(dxj +N jdt), (1.64)
where N and N i are the lapse funtion and the shift vetor, respetively, that
deompose the the deformation vetor Nµ = ∂tpµ along the basis {n, ei}, omposed
of the normal vetor nµ to the family of hypersurfaes Σ3t and the three tangent
vetors eµi , and hij ≡ gµνeµi eνj is the metri tensor indued on Σ3t by the oordinate
transformation. From the line element (1.64), it is possible to obtain the expression
of the ontravariant and of the ovariant omponents of the normal vetor n in the
oordinates (t, xi): nµ = (1/N ;−N i/N), Nµ = (−N,~0). The so-alled kinematial
ation reads
Sk(pµ, y
µ) =
∫
M4
d3xdt {pµ∂tyµ −Nµpµ} . (1.65)
The ation of a self-interating salar eld on a xed bakground,
Sφ(πφ, φ) =
∫
M4
{
πφ∂tφ−NHφ −N iHφi
}
d3xdt, (1.66)
where πφ is the momentum onjugate to φ, and the Hamiltonian terms read
Hφ ≡ 1
2
√
h
πφ
2 +
1
2
√
hhij∂iφ∂jφ+
√
hV (φ) Hφi ≡ ∂iφπφ, (1.67)
an be quantized by adding the kinematial ation (1.65). In fat, without the
kinematial ation, the variation has to be performed with respet to φ and πφ, but
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no preise role is assigned to N , N i, and hij, sine the bakground is xed. If the
kinematial ation Sk is taken into aount, so that
Sφk ≡ Sφ + Sk =
∫
M4
{
πφ∂tφ+ pµ∂ty
µ −N(Hφ +Hk)−N i(Hφi +Hki )
}
d3xdt,
(1.68)
where Hk ≡ pµnµ Hki ≡ pµeµi , the eld equations for φ remain unhanged, but the
Hamiltonian onstraints Hφ = −pµnµ and Hφi = −pµeµi are obtained.
The anonial quantization is aomplished by the assumption that the states of
the system are funtionals of the variables, yµ and φ, Ψ[yµ(xi), φ(xi)], and by the
implementation of the anonial variables to operators, {yµ, pµ, φ, πφ} → {yˆµ, pˆµ =
−i~δ( )/δyµ, φˆ, πˆφ = −i~δ( )/δφ}, the quantum dynamis being desribed by the
equations
i~nµ
δΨ
δyµ
= HˆφΨ =
[
− ~
2
2
√
h
δ
δφ
δ
δφ
+
1
2
√
hhij∂iφ∂jφ+
√
hV (φ)
]
Ψ (1.69)
i~eµi
δΨ
δyµ
= Hˆφi Ψ = −i~∂iφ
δΨ
δφ
. (1.70)
The spae of the solutions of (1.70) an be ast into a Hilbert spae by dening the
inner produt
〈Ψ1 | Ψ2〉 ≡
∫
yµ=yµ(xi)
Ψ∗1Ψ2Dφ
δ〈Ψ1 | Ψ2〉
δyµ
= 0, (1.71)
whih implies the onserved funtional probability distribution ̺ ≡ 〈Ψ | Ψ〉.
The semilassial limit, ψ = exp iSφk is reovered by substituting the wave funtional
Ψ = exp
{
1
~
Σ(yµ, φ)
}
in (1.70) and taking the zero-th order of the series-expansion,
with ~→ 0 (see setion 1.1).
It is work remarking that (1.70) has 5∞3 degrees of freedom, given by the salar
eld φ and the four omponents of yµ.
1.6 Weyl Quantization
Weyl quantization [177℄ onsists in assuming anonial ommutation relation for
two operators pˆ, qˆ, as 1.7, and in establishing a dierent (Weyl) representation of
the operators. One an thereafter implement a quantization programme, and then
reover information about the standard quantization method via the so-alled GNS
onstrution.
Weyl Systems Given a sympleti vetor spae (E, ω), i.e., a vetor spae E
endowed with a sympleti (non-degenerate, skew-symmetri, bilinear ) form ω, a
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Weyl system is the strongly-ontinuous map W from E to unitary transformations
on some Hilbert spae H
W : E → U(H) (1.72)
and the Weyl form of the ommutation relations reads
W (e1)W (e2) = e
i
~
ω(e1,e2)W (e2)W (e1), (1.73)
where the oyle of the representation is determined by the the sympleti stru-
ture w.
Complex oordinates, and the onstrution of a Fok spae, with reation and anni-
hilation operators, an be dened by the introdution of a omplex form J : E → E,
J2 = −1. An inner produt on E an be dened by using J and ω.
It is possible to deompose the vetor spae E as L⊕L∗, where L ⊂ E is a Lagrangian
(both isotropi and oisotropi) subspae of E. Aording to the von neumann theo-
rem, the Hilbert spae H is the spae of square-integrable funtions φ on L endowed
with the translation-invariant Lebesgue measure dµ, i.e., H = L2(dµ,L). In this
deomposition, vetors on E an be dened as e = (α, β), β ∈ L, α ∈ L∗, and the
ation of W on the funtions φ reads
U(α)φ(q) ≡W ((α, 0))φ(q) = e i~αqφ(q) (1.74)
V (β)φ(q) ≡W ((0, β))φ(q) = φ(q − β). (1.75)
The vauum expetation values of the operators U and V depends on the metri g
onstruted out of J , i.e., g(e1, e2) = w(e1, Je2).
The Stone-von Neumann Uniqueness theorem The Stone-von Neumann Unique-
ness theorem [176℄ states that any unitaty irreduible representation of the Weyl
ommutation relation on Cn is isomorphi to the Shroedinger represntation. Fur-
thermore, as orollary, it is also possible to show that any representation of the
Weyl ommutation relation on Cn is the diret sum of opies of the Shroedinger
representation.
1.7 GNS Constrution
The GNS onstrution allows one to gain insight onto dierent representations of
a given algebra [87℄. From a mathematial point of view, a state is a normalized
positive linear form.
Given a funtion φ and an algebra A, φ is alled a linear form over A if
φ(αA+ βB) = αφ(A) + βφ(B), ∀A,B ∈ A, ∀α, β ∈ C (1.76)
If
‖xy‖ ≤ ‖x‖ ‖y‖ , ∀x, y ∈ A, (1.77)
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then A is a Banah algebra. If A is a Banah algebra, φ is bounded if
| φ(A) |≤ c ‖A‖ (1.78)
and the lowest bound for c is the norm of phi.
If
(Ax, y) = (y, Ax) = (x,A∗y), ∀A ∈ A, (1.79)
then A is a ∗ algebra. If A is a ∗ algebra, with unit, the linear form φ is a state if it
is
real φ(A∗) = φ(A) (1.80)
positive φ(A∗A) ≥ 0 (1.81)
normalized ‖φ‖ = 1. (1.82)
As a result, a positive linear form over a Banah
∗
algebra with unit is bounded,
and ‖φ‖ = φ(I). Furthermore, it satises the Shwarz inequality
| φ(AB) |2≤ φ(AA∗)φ(BB∗). (1.83)
In fat, if we assume that the self-adjoint elements of A orrespond to physial ob-
servables, and that the unit element I orrespond to the trivial observable, whose
value is 1 for any physial state, then suh a linear form an be interpreted as an
expetation funtional over physial observables.
Eah positive linear form ω over a ∗ algebra A denes a Hilbert spae Hω and a
representation πω of A by linear operators ating on A.
Sine A is a linear spae over the eld C, ω denes an Hermitian semi-denite
produt on A, i.e.
< A|B >= ω(A,B), < A|A >≥ 0, |< A|B >|2≤< B|B >< A|A >, ∀A,B ∈ A.
(1.84)
The set J ⊂ A, J = {X ∈ A : ω(X∗X) = 0}, is a left ideal, and is alled the
Gelfand ideal of the state. Eliminating this set from A, i.e., onsidering A/J allows
us to obtain linear spae equipped with Hermitian positive-denite salar produt,
and a vetor ψ in this spae orresponds to the equivalene lass [A] of the elements
of A modulo J , ψ = {A+A}, with
< ψ|ψ >≡ ‖ψ‖2 > 0. (1.85)
It is worth remarking that the salar produt dened in (1.84) does not depend on
[A]. Beause of that, the ation of the representation πω(A), dened on A/J ⊂ Hω,
is
πω(A)ψ = [AB] if ψ = [B]. (1.86)
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A representation π is alled yli if a yli vetor Ω ∈ H exists. A vetor Ω is
alled yli if π(A)Ω is dense in H. If A has a unit, Ω = [I]. Furthermore
ω(A) =< Ω|πω(A)|Ω >, (1.87)
and it is sometimes referered to as the vauum state. Similarly, any vetor ψ ∈ Hω
denes a state
ωψ(A) =< ψ|πω(A)|ψ > . (1.88)
The GNS theorem (named after Gel'fand, Najmark and Segal) states that, given
a C* algebra A endowed with unit, and a linear positive funtional ω in a ompat
subset of A, the triple (H(ω), πω,Ω) exists and is unique.
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2 Hamiltonian formulation of the
geometrodynamis
2.1 The ation for the gravitational eld
Guiding priniples in the development of the Lagrangian density for the gravi-
tational eld are the Equivalene Priniple and the General Covariane. The lat-
ter imposes the ation be invariant under dieomorphism, while the former states
that, by a oordinate transformation, the metri tensor an always be redued to a
Minkowskian one loally, thus rst derivatives of the metri an be made to vanish
in any loal region. Therefore, if ombined together, they forbid the existene of a
sensible ation for the gravitational eld with only rst-order derivatives. Hene,
seond-order derivatives have to be ontained in the Lagrangian, but only trough a
surfae term, to avoid the appearane of third derivatives in the equations of motion.
This request rules out some possible ations.
Let us onsider a 4-dimensional spae-time manifold endowed with a metri gµν ,
the simplest Lagrangian satisfying the above mentioned properties is the Einstein-
Hilbert [96, 63℄ one, i.e.
Λ =
c4
16πG
√
gR (2.1)
being G Newton oupling onstant, R the salar urvature and g the determinant of
the metri tensor. As far as R is onerned, in the Einstein formulation its expression
in terms of the metri an be alulated from Christoel symbols
Γρµν = {ρµν} =
1
2
gρσ(∂νgµσ + ∂µgνσ − ∂σgµν). (2.2)
We just have to introdue the Riemann tensor
Rµνρσ = gµτ (−∂σΓτνρ + ∂ρΓτνσ − ΓτθσΓθνρ + ΓτθρΓθνσ) (2.3)
and the Rii tensor Rµν = g
ρσRµρνσ, suh that R = g
µνRµν .
From these denitions one reognizes that Christoel symbols are symmetri with
respet to the exhange of lower indexes, while the Riemann tensor satises
Rµνρσ = −Rµνσρ Rµνρσ = Rρσµν . (2.4)
Other properties of Rµνρσ are the yli identity
Rµνρσ +Rµρσν +Rµσνρ = 0 (2.5)
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and the Bianhi identity
∇τRµνρσ +∇ρRµνστ +∇σRµντρ = 0. (2.6)
By varying the ation with respet to the metri tensor, Einstein equations ome
out
δS = − c
3
16πG
[ ∫
M
d4x
(
Rµν − 1
2
gµνR
)
δgµν − 2
∫
∂M
d3xδK
]
(2.7)
one the seond term in the last relation disappears; in order to impose this ondi-
tion, we should require the variation of the metri and of its rst derivatives vanish
on the boundary [134, 163℄. Hene, in general, a term is added to the Lagrangian
density, in order to anel the surfae piee.
This seond order formulation is equivalent to the Palatini one, where the metri
tensor and onnetions are treated like independent elds (see setion 3.2). In fat,
the additional equations we obtain from the variation of the Einstein-Hilbert ation
with respet to Γµνρ imply them be equal to Christoel onnetions.
A very useful reformulation is one in whih we introdue vier-bein vetors eαµ, a set
of four orthonormal vetors for eah point of the spae-time; in fat, we an rewrite
the ation as
SG = − c
3
16πG
∫
d4x det(eαµ)e
µ
αe
ν
βR
αβ
µν R
αβ
µν = ∂[µω
αβ
ν] + ω
α
[µ|γ|ω
γβ
ν] , (2.8)
being ωαβµ Lorentz onnetions. Now, we an perform variations with respet to ω
ab
µ
to obtain the I struture equation
∂[µe
α
ν] − ωαγ[µ eν]γ = 0 (2.9)
while from δeαµ we get again Einstein equations. By solving the equation (2.9), the
following expression for onnetions is obtained ωαβµ = e
βν∇µeαν .
Even though GR is in agreement with experiments, there are hints (appearane
of singularities and of losed time-like loops, diulties in the quantization, dark
matter, dark energy) that it has to be hanged in the strong eld limit.
Modied Lagrangian densities onsist of a power series in R, with both negative, for
large sale orretions, and positive powers, whih beome relevant in a quantum
setting. The most general ase is that of a generi funtion f(R) (see [66℄ for a
review), i.e.
S = − c
3
16πG
∫
d4x
√−gf(R), (2.10)
from whih generalized Einstein equations are found:
− 1
2
gµνf(R) + f
′(R)Rµν −∇ν∇νf ′(R) + gµν∇ρ∇ρf ′(R) = 8πG
c4
Tµν . (2.11)
These models are equivalent to General Relativity plus additional elds [113℄; in
fat by the following onformal resaling of the metri tensor
gµν → f ′(R)gµν = e
√
2/3ϕgµν , (2.12)
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the Lagrangian density beomes
L =
c3
16πG
(R − gµν∂µϕ∂νϕ− V (ϕ)) (2.13)
being the potential V
V = e−
√
2/3ϕR(e−
√
2/3ϕgµν)− e−2
√
2/3ϕf(R(e−
√
2/3ϕgµν)) (2.14)
the only reli of the funtion f .
In this sense, several proposals have been made, from terms of the form
1
R
, to explain
dark energy [179℄(but these models suer of instabilities, while the Newtonian limit
[61℄ and the evolution of salar osmologial perturbations [30℄ are not reprodued),
to Lagrangian R + αR2 with α relevant in the early universe dynamis. However,
no f(R) theory exists, up to now, whih is able to pass all experimental tests [4℄.
As expeted, the new eld equations ontain higher-order derivatives, and, in par-
tiular, forth-order derivatives of the metri tensor appear. To avoid the appearane
of derivatives up to the seond order, metri-ane theories [163℄ an be onsidered,
i.e. theories in whih metris and onnetions are independent elds. In partiular,
this rst-order formulation is equivalent to GR plus a osmologial onstant term
for the free gravitational eld, while, in presene of matter, onnetions are dierent
from Christoel symbols [113℄ and they lead, in general, to dierent onlusions
about instability [162℄.
However there are also more radial modiations, based on the introdution of
salars built from the Rii or the Riemann tensor. An example is given by the
Gauss-Bonnet invariant,
R2 − 4RµνRµν +RµνρσRµνρσ (2.15)
whih arises in many brane-world senarios [98℄ and aounts for possible topologi-
al hanging in the the spae-time manifold. The addition of a topologial invariant
ensures that no modiation ours in the equations of motion.
Other models, instead of adding new terms, are based on taking something `less'
than General Relativity: to solve the issue related to the seond term in relation
(2.7) and in onnetion with the holographi priniple, there are several attempts
to develop a theory for gravity with only the surfae term of the Einstein-Hilbert
ation [164℄, [134℄; even if they have problems with General Covariane, they get
a theory in whih the metri is insensitive to a osmologial onstant term, thus
explaining why vauum energy does not ontribute to gravity.
However, up to now there is no onvining substitute for the Einstein-Hilbert a-
tion, even though there are some formulations equivalent to General Relativity from
a lassial perspetive, but leading to inequivalent results after the quantization
proedure.
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2.2 The spae-time sliing
The desription of the gravitational eld dynamis requires the identiation of
a time parameter, with respet to whih the evolution ours. This point seems
to onit with the request of General Covariane, but we an introdue a formal
splitting of the spae-time in order to avoid any breaking of the dieomorphism
invariane (ADM splitting, named after Arnowitt, Deser and Misner [6, 7, 8℄, see [9℄
for a review).
One refers to a global hyperboli spae-time, whih is a manifold endowed with a
Cauhy surfae, i.e. a surfae suh that the evolution bakwards and forward of ini-
tial onditions gives the full manifold. This request ensures the possibility of having
a well-posed initial-value formulation for the gravitational eld. Geroh demon-
strated that a global hyperboli spae-time is dieomorphi to a manifold Σ ⊗ R,
where Σ is the hypersurfae of equal time [77℄.
The identiation of spatial hypersurfaes Σx0 , giving a sliing of the full spae-time,
requires simply the introdution of a time-like vetor eld η; in fat, the Frobenius
theorem ensures that, under very general assumptions, vetors ortogonal to η dene
globally a sub-manifold.
Let us denote with uµ = uµ(xi; x0), i = 1, 2, 3, the equation for spatial hyper-
surfaes, being x0 a parameter, whih haraterizes eah Σ, and xi oordinates on
it. We an use x as oordinates on the manifold and study the relation with basis
vetors
~fµ. The spatial harater of Σ implies following onditions on the normal
and the tangential vetor (~η and ~ei =
∂uµ
∂xi
~fµ, respetively)
~η · ~η = −1
~η · ~ei = 0
~ei · ~ej = hij
⇒

ηµηνgµν = −1
ηµeνi gµν = 0
eµi e
ν
j gµν = hij
(2.16)
being h a positive-denite symmetri matrix. Hene, we an express the deformation
vetor, i.e. the time-like basis vetor adapted to x oordinates, in terms of ~η and ~ei
~e0 =
∂uµ
∂x0
~fµ = N~η +N
i~ei, (2.17)
while, obviously, spae-like omponents of the basis are ~ei. We will refer to N and N
i
as Lapse funtion and Shift vetor, respetively, and we an give them geometrial
interpretation, by observing that ~e0 relates points on the dierent Σ with the same
xi. Moreover, N must be non-vanishing, sine ~e0 is a time-like vetor, and we will
take it as positive.
Hene, from the basis vetors, we obtain the following relations
g00 = ~e0 · ~e0 = −N2 + hijN iN j
g0i = ~e0 · ~ei = hijN j
gij = ~ei · ~ej = hij
(2.18)
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giving the 3+1 splitting of the metri tensor [103℄, [102℄. The ation of the dieo-
morphism group implies the hoie of dierent hypersurfaes Σ, so dierent values
for the Lapse funtion and the Shift vetor. Therefore General Covariane is not
violated in the ADM splitting as far as N and N i are not speied.
For the sake of alulations, it is very useful to dene a tensor qµν , whih projets
tensors on eah Σ: beause the set (~η;~ei) forms a omplete basis, we an write
ompleteness relations, whih read as follows
− ηµην + hijeµi eνj = gµν . (2.19)
From the last relation the tensor qµν = hijeµi e
ν
j an be reognized as the projetor
one is looking for, sine it annihilates ηµ, so any omponent orthogonal to Σ, and it
behaves as a metri tensor on the hypersurfae itself.
Now, let us onsider the splitting of the ovariant derivative on Σ: given a spatial
vetor
~A = Ai~ei, we have
∂j ~A = (∂jA
i)~ei + A
i∂j~ei = (∂jA
i)~ei + A
i(Γkij~ek +Πij~η), (2.20)
where Γkij are 3-dim ane onnetions, whih dene ovariant derivatives on Σ
DjA
k = ∂jA
k + ΓkijA
i. (2.21)
The last derivative oinide with ovariant one on Σ, in fat we have
~ei · (∂j ~A) = DjAi (2.22)
so it gives variations of
~A along diretions tangential to Σ. The relation with the
ovariant derivative on the full spae-time manifold an be obtained by rewriting
the expression above in terms of spae-time indexes,
DµAν =
∂xi
∂uµ
∂xj
∂uν
DjAi = e
i
µe
j
νDjAi, (2.23)
and, with the help of ondition (2.22), one an show the following ondition
DµAν = q
ρ
µq
σ
ν∇ρAσ, (2.24)
so that the projetion of the 4-dim ovariant derivative is the 3-dim one, dened by
relation (2.22).
Another interesting quantity is the extrinsi urvature
Kµν = q
ρ
µq
σ
ν∇ρησ (2.25)
whose 3-d projetions an be written as
Kij = (∂i~η) · ~ej , (2.26)
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from whih its symmetry an be demonstrated, and, by virtue of denition (2.17),
the following relation holds
Kij =
1
2N
[−∂0hij −DiNj −DjNi]. (2.27)
For the geometrial interpretation of Kij we stress that
∂i ~A = (DiA
k)~ek −KkiAk~η, (2.28)
so that it gives the urvature of Σ as it is seen from a 4-dimensional perspetive.
Let us turn to the splitting of the Riemann tensor in terms of the 3-dimensional
one, whose denition is the following
(3)RσρµνAσ = [Dµ;Dν]Aρ; (2.29)
from relations (2.19) and (2.24), we have
DµDνAρ = q
α
µq
β
ν q
γ
ρ∇α(qβ
′
β q
γ′
γ ∇β′Aγ′) = qαµqβν qγρ (qβ
′
β q
γ′
γ ∇α∇β′Aγ′ −
−qβ′β ∇α(ηγηγ
′
)∇β′Aγ′ − qγ′γ ∇α(ηβηβ
′
)∇β′Aγ′) (2.30)
and from the denition of the extrinsi urvature (2.25), we obtain
(3)RσρµνAσ = q
α
µq
β
ν q
γ
ρq
δ
λRδγαβA
λ + (KµλKνρ −KνλKµρ)Aλ. (2.31)
Therefore, for the 3-dimensional urvature salar, the following relation stands
(3)R = qµνqλρRνρµλ − (K2 −KµνKµν), (2.32)
being K the trae of Kµν , while for the 4-dimensional one we get from the omplete-
ness relation (2.19)
R = qµνqλρRνρµλ + 2q
µνηληρRνρµλ (2.33)
where the seond term in the right hand side an be rewritten as
2ηµ[∇ν ;∇µ]ην = 2(K2 −KµνKµν) + 2∇ν(ηµ∂µην − ηνK). (2.34)
Combining the expressions (2.32), (2.33) and (2.34), the Gauss-Codazzi equation
omes out, i.e.
R = (3)R + (K2 −KµνKµν) + 2∇ν(ηµ∂µην − ηνK), (2.35)
whih relates the urvature of the full spae-time manifold with that of spatial hy-
persurfaes. We stress that the last term in the relation above is a divergene, so it
gives the surfae term we disussed on in the previous setion. Calulations involv-
ing the extrinsi urvature an be performed by summing on 4-dimensional or on
3-dimensional indies, sine relations KµνK
µν = KijK
ij
and K = Kii = K
µ
µ stand.
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2.3 The Hamiltonian struture
Hene, we an develop the Hamiltonian formulation of GR; one reognized from
the form (2.18) for the metri tensor that
√−g = −N√h, h being the determinant
of hij , the full ation reads as follows
S = − c
4
16πG
∫
dtd3xN
√
h(K2 −KijKij + (3)R) (2.36)
where we neglet surfae terms (however, as mentioned in setion 2.1, their treatment
is non-trivial). The lapse funtion, the shift vetor and the 3-dimensional metri an
be identied as the variables of this formulation, so that the onjugate momenta π,
πi and πij, respetively, are determined. First of all, the absene of N and N i time
derivatives in the Lagrangian density implies primary onstraints,
π = 0 πi = 0, (2.37)
while for πij we obtain
πij =
c4
16πG
√
h(Khij −Kij). (2.38)
The Hamiltonian an now be alulated; aording with the Dira presription for a
Hamiltonian formulation of onstrained system, we introdue Lagrange multipliers
λ and λi and for the ation (2.36) we have
S =
∫
dtd3x
{
πij∂0hij+π
N∂0N+π
i∂0Ni+λπ+λiπ
i+
c4
16πG
N
√
h(K2−KijKij+(3)R)
}
;
(2.39)
from variations of S with respet to λ and λi primary onstraints ome out.
Hene, using relation (2.27) and after an integration by part (we neglet surfae
terms), we an rewrite the expression above as follows
S =
∫
dtd3x{πij∂0hij + πN∂0N + πi∂0Ni − [λπ + λiπi +NH +NiHi]}, (2.40)
being Hi the super-momentum
Hi = −2Djπij (2.41)
and H the super-hamiltonian
H = 16πG
2c4
√
h
Gijklπ
ijπkl +
√
h(3)R, (2.42)
with Gijkl = hikhjl + hilhjk − hijhlk the Supermetri.
We an now refer to the sympleti struture, obtained by imposing standard Poisson
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brakets between variables and their onjugated momenta, i.e.
{πij(x0; x); hlm(x0; y)} = 16πG
c4
δi[lδ
j
m]δ
3(x− y) (2.43)
{π(x0; x);N(x0; y)} = 16πG
c4
δ3(x− y) (2.44)
{πi(x0; x);Nj(x0; y)} = 16πG
c4
δijδ
3(x− y), (2.45)
and to the Hamiltonian
H =
∫
dtd3x[λπ + λiπ
i +NH +NiHi], (2.46)
in order to infer the dynamis.
If we introdue smeared funtions f and f i, we an work with smeared quantities
Π(f) =
∫
Σ
d3xfπ and ~Π(~f) =
∫
Σ
d3xfiπ
i
, and, by equations of motion, we obtain
∂0Π(f) = {H ; Π(f)} = 16πG
c4
∫
d3xfH = 16πG
c4
H(f) (2.47)
∂0~Π(~f) = {H ; ~Π(~f)} = 16πG
c4
∫
d3xfiHi = 16πG
c4
~H(~f), (2.48)
therefore the onsisteny of onstraints with the dynamis imposes the vanishing of
the super-momentum and super-Hamiltonian as seondary onstraints, i.e.
H = 0 Hi = 0. (2.49)
The following relations
Gµνη
µην = − H
2
√
h
Gµνe
µ
i e
ν
i =
Hi
2
√
h
(2.50)
emphasize that onditions (2.49) are equivalent to Einstein equationsG0µ = 0, whih
in fat onstitute a set of non-evolutionary onstraints (i.e. if initial onditions are
suh that these onstraints are satised, then they stand at any time).
Let us turn to the algebra generated by these onstraints, i.e.
{ ~H(~f); ~H(~f ′)} = 16πG
c4
~H(L~f ~f ′) (2.51)
{ ~H(~f);H(f ′)} = 16πG
c4
~H(L~ff ′) (2.52)
{H(f);H(f ′)} = 16πG
c4
H( ~N(f ; f ′; h)), (2.53)
being L the Lie derivative, while the expression of the funtion ~N(f ; f ′; h) is the
following
N i(f ; f ′; h) = hij(f∂jf ′ − f ′∂jf). (2.54)
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Relations (2.51) − (2.53) show that these onstraints are rst lass (their Poisson
brakets are linear ombinations of them), thus they do not modify the sympleti
struture; or in other words, the sub-manifold of the full phase spae, where on-
straints hold, is preserved during the evolution. However the algebra of onstraints
is not a Lie one, beause oeients of those linear ombinations are not onstant.
The study of the dynamis of N and N i gives
∂0N = λ ∂0Ni = λi (2.55)
so lassial dynamis never xes their values and does not depend on them, sine λ
and λi are Lagrange multipliers, so totally arbitrary quantities. Beause N and N
i
determine unambiguously the spatial hypersurfae, this feature implies the motion
in the phase spae to be independent of how the spae-time splitting is performed.
Therefore, this result is not surprising, but a onsequene of the General Covariane.
The super-momentum onstraints show the arbitrariness in the hoie of the oordi-
nate system on eah Σ, in fat, under an innitesimal dieomorphism x′i = xi − ξi,
the transformation indued on the 3-metri is given by
h′ij = hij +Diξj +Djξi, (2.56)
while, for the variation of the ation, we have
δS =
∫
πij∂tδhijd
3x =
∫
πij(Diξj +Djξi)d
3x = −2
∫
∇iπijξjd3x = 0 (2.57)
A solution of these onstraints an thus be obtained simply by requiring S be a
funtion of 3-geometry equivalene lasses, whih we indiate with {hij}, i.e. {hij}
and {h′ij} oinide if they are related by a spatial dieomorphism. This onguration
spae is known as Superspae.
In partiular, being hij the only dynamial degrees of freedom, the full dynamis is
enoded in the onstraint on the super-hamiltonian, i.e.
16πG
2c4
√
h
Gijklπ
ijπkl +
√
h(3)R = 0. (2.58)
In an analogous way, one an show that on-shell this onstraint implies the invari-
ane under dieomorphisms orthogonal to Σ [169℄.
2.4 The Hamilton-Jaobi equation
A Hamilton-Jaobi (HJ) formulation for the gravitational eld is possible and it
an be used as a rst step towards quantization (see paragraph 1.3). Let us introdue
the ation funtional S = S[N ;Ni; hij ], suh that momenta an be rewritten as
funtional derivatives of S with respet to the orresponding variables, i.e.,
πij =
δS
δhij
π =
δS
δN
πi =
δS
δNi
. (2.59)
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Primary onstraints ensure the validity of seondary ones; in fat, from onditions
(2.37) the vanishing of the super-Hamiltonian and of the super-momentum follows,
sine
δS
δN
= H and δS
δNi
= Hi.
In Super-spae, the full dynamis is desribed by the super-Hamiltonian onstraint,
whih an be rewritten as the Einstein-Hamilton-Jaobi equation [138℄
16πG
2c4
√
h
Gijkl
δS
δhij
δS
δhkl
+
√
h(3)R = 0, (2.60)
thus reduing the problem to that of∞3 partiles moving in a spae-time manifold,
with the metri tensor given by the Supermetri itself, subjeted to a potential√
h(3)R.
In partiular, the identiation of a diretion in whih the Supermetri is negative
denite provides a way to introdue a time-like variable. An example an be given
by rewriting the 3-metri as
hij = η
4/3uij, det(uij) = 1 (2.61)
and taking η and uij as onguration variables; in this ase, the Hamiltonian reads
as follows
H = − 3
2c4
πGp2η +
16πG
c4η2
uikujlp
ijpkl − c
4
16πG
(3)R(uij;∇η;∇uij), (2.62)
where it is lear that the variable η, giving the determinant of the metri, is time-like.
This result is well-known in osmologial settings; for example in Freedmann-Robertson-
Walker spae-times the sale fator is as an appropriate time variable [55℄.
2.5 Redution to the anonial form
The super-Hamiltonian onstraint (2.58) enodes information on the dynamis
of the metri tensor hij . However, the presene of additional onstraints signals
that (hij, π
ij) are a set of redundant variables. Hene, in view of giving a better
physial haraterization of the gravitational eld dynamis, one must identify into
the metri tensor physial degrees of freedom φA. In this respet, the Lagrangian
density has to be written in the anonial form, i.e.
L =
∫
d3x[πA∂tφA −Htrue(φA, πB)]. (2.63)
This redution has been performed in [9℄ into the framework of a Palatini-like for-
mulation. The metri tensor has been split into the transverse traeless omponent
hTTij , the trae of the transverse part h
T
and the longitudinal part hi. The main
steps of the proedure adopted are
• the imposition of onstraints, by whih hT and πi an be evaluated.
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• the hoie of a system of oordinates, whih xes gi and πT .
The investigation on the form of the generating funtional underlying the Hamil-
tonian framework allow Arnowitt, Deser and Misner to identify hTTij and onjugate
momenta as variables desribing physial degrees of freedom. Finally, the full La-
grangian density reads
L = πijTT∂thTTij + T00, T00 = ∇2hT (πTT ij, hTTij , gi(πTTkl, hTTkl ), πT (πTTkl, hTTkl )),
(2.64)
By hoosing a dierent system of oordinates, one nds dierent relations xing gi
and πT , suh that the Hamiltonian density T00 takes a new expression as a funtion
of (πTT ij, hTTij ). This feature outlines that the Hamiltonian density depends on the
frame.
The anonial form makes GR similar to a eld theory formulation, suh that
it is possible to dene the energy-momentum of the gravitation eld in terms of
generators of translations T
µ
0 , as follows
P µ = −
∫
τ
d3xTµ0 . (2.65)
In an asymptotially-at spae-time, by restriting to those oordinate transfor-
mations whih do not modify the atness at innity (i.e. g′µν−ηµν goes like 1/r) and
averaging over osillatory terms, it an be shown that P µ is invariant. Nevertheless,
the form of T
µ
0 is aeted by hoosing a dierent referene. Suh a dependene dis-
appears as far as only transformations between Heisenberg frames are onsidered,
whih means that the full metri gµν an be expressed in terms of anonial variables
only, without any expliit oordinate dependene.
Therefore, within this sheme P µ fullls the requirement for a well-dened energy-
momentum for the gravitational eld in an asymptotially at spae-time.
Furthermore, proper onditions an be xed suh that a wave-like behavior omes
out for anonial variables in a ertain spae-time region, where non-linearities an
be negleted.
Although suh a senario looks tantalizing in view of a quantum desription, nev-
ertheless the quantization of the Hamiltonian in the anonial form has not been
ahieved. Main diulties are due to ambiguities oming out from non linear terms
and to the issue of reproduing lassial anonial transformations by unitary trans-
formations. Therefore, the attempts towards quantization are based on promoting
to operators H and Hi too.
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3 Gravity as a gauge theory
All interations but gravity are desribed by gauge theories; for suh kinds of
models, it is possible to probe renormalizability, so that requirements for a preditive
Quantum Field Theory an be aomplished. Therefore, giving a gauge formulation
for gravity would allow one to perform a quantization proedure for suh a eld.
In this setion, we will develop a formulation of GR similar to a gauge one, but we
will also stress dierenes, that lead to the onlusion that gravity in its present
formulation annot be interpret as a gauge interation.
3.1 Gauge theories
Gauge theories are a mathematial tool that desribe interations through the
invariane of the ation S(φ, ∂µφ) for the eld φ(x) ≡ {φr(x)} under Lie groups of
transformations (U(ǫ)) [76, 130℄. The invariane of the ation is expressed by
0 = δS = δ
∫
d4xL(φ(x), ∂µφ(x)) =
∫
d4xδL, (3.1)
whih implies,
δL = 0⇒ ∂L
∂φr
δφr +
∂L
∂(∂µφr)
δ∂µφr = 0. (3.2)
It is therefore ruial to know the expressions for δφr and δ∂µφr.
Let's onsider the ation of the operator U(ǫ) on φ
φ→ φ′ = U(ǫ)φ, U(ǫ) = eigǫaτa = I + igǫaτa, ǫa << 1 (3.3)
whih indues on eah omponent the transformation
φr(x)→ φ′r(x) = φr(x) + δφr(x), δφr(x) = φ′r(x)− φr(x) = igǫaτ rsa φs, (3.4)
where g is the oupling onstant, ǫa a set of parameters, and τa the generators, that
obey the ommutation rule
[τa, τb] = iC
c
abτc : (3.5)
vanishing struture onstants Ccab dene Abelian groups, while non-Abelian groups
have non-vanishing struture onstants.
If the parameters ǫa are onstant, the transformation is alled global, and ∂µδφr =
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δ∂µφr. This way, after substitution of the Euler-Lagrange equation in (3.2), the
onserved urrent jµ, ∂µj
µ = 0, is found,
jµa ≡
∂L
∂(∂µφr)
δφr =
∂L
∂(∂µφr)
τ rsa φs, (3.6)
whih allows one to dene the onserved harges Qa
Qa =
∫
d3xj0a =
∫
d3x
∂L
∂(∂µφr)
τ rsa φs, (3.7)
aording to the Noether theorem.
If the parameters ǫa are not onstant, ǫa = ǫa(x), the transformation is alled loal,
i.e. a gauge transformation, and ∂µδφr 6= δ∂µφr. To restore the invariane of the
Lagrangian density, it is therefore neessary to dene a new derivative, the ovariant
derivative Dµ, that ommutes with the variation operation. In fat, the ordinary
derivative
dφ = φ(x+ dx)− φ(x) = dxµ∂µφ (3.8)
is ill-dened under a loal (3.3) beause the elds in two dierent points x and
x + dx transform aording two dierent laws. The transport operator T (x, y),
when applied to a eld,
T (x, y)φ(y)→ T ′(x, y)φ′(y) = U(x)T (x, y)φ(y), (3.9)
generates an objet with the same transformation properties of the eld itself, so
that
T (x, y)→ T ′(x, y) = U(x)T (x, y)U+(y). (3.10)
Sine the transport operator is an element of the transformation group, it an be
expressed as a funtion of the generators, and, for innitesimal transformations one
has
T (x, x+ dx) = I + igdxµAiµ(x)τi, (3.11)
where the vetor elds Aiµ, whih are the gauge elds, in the ombination dx
µAiµ,
play the role of ǫa(x). The ovariant derivative Dµ,
Dµφ(x) = (∂µ + igA
i
µτi)φ(x), (3.12)
as T (x, y), transforms as (3.10) under a loal (3.3). The transformation law for the
gauge elds an be obtained from the denition (3.12), (3.9) and (3.11), and read
Aiµ(x)→ A′iµ(x) = U(x)Aiµ(x)U(x)+ +
1
ig
U(x)∂µU(x)
+
(3.13)
and, for innitesimal ǫi
Aiµ(x)→ A′iµ(x) = Aiµ + δAiµ = Aiµ + C ijkAjµǫk − ∂µǫi. (3.14)
30
The properties of the transport operator along a losed loop allow one to verify that
the Lagrangian density for the gauge elds,
L = −1
4
GiµνG
µν
i , (3.15)
where
Giµν(x) = ∂νA
i
µ − ∂µAiν + gAjµAkνC ijk, (3.16)
is invariant under the transformation (3.13).
The same result an be ahieved by dening a ovariant derivative that ommutes
with the variation operation via the introdution of ompensating elds, the gauge
elds, i.e.
δDµφ = igǫ
a(x)τaDµφ. (3.17)
The transformation law (3.14) follows from diret alulation, while the expression
for Giµν is given by the ommutator of the ovariant derivatives,
[Dν , Dµ]φ = igG
i
µντiφ. (3.18)
Applying the Jaobi identity to (3.18), it is easy to verify that Giµν obeys the Bianhi
identity,
DλG
i
µν +DνG
i
λµ +DµG
i
νλ = 0. (3.19)
3.2 First-order formulation for the gravitational
eld
The Palatini method The rst diulty in reognizing gravity as a gauge theory
is the presene of seond derivatives of the onguration variables in the Einstein-
Hilbert ation, whih do not arise in the Lagrangian (3.15). We have seen in setion
2.1 that this feature is deeply onneted with the Equivalene Priniple, one of the
ornerstone of the geometrial interpretation.
However, as we have already seen in a vier-bein-onnetions framework, a rst-order
formulation is formally possible: one treats the metri and its rst derivatives as
independent variables. The rst example of this kind is the Palatini formulation of
General Relativity, whih is still based on Einstein-Hilbert ation, but in a ongu-
ration spae built up by the metri omponents and by onnetions Γρµν . So when
we perform the variation of the ation, two ontributions must be onsidered
δS = − c
3
16πG
∫ [
δ(
√
gR(g; Γ))
δgµν
δgµν +
δ(
√
gR(g; Γ))
δΓρµν
δΓρµν
]
d4x. (3.20)
In absene of matter this formulation is ompletely equivalent to seond order
General Relativity. In fat, equations
δ(
√
gR(g; Γ))
δΓρµν
= 0 (3.21)
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imply that onnetions are equal to Christoel symbols, whih, if substituted in
δ(
√
gR(g; Γ))
δgµν
=
√
g
(
Rµν(Γ)− 1
2
gµνR(Γ)
)
, (3.22)
reprodue Einstein equations for the metri tensor gµν . In presene of matter, the
rst-order formulation gives dierent results only if the matter Lagrangian ontains
onnetions.
However a rst objetion against this approah is the use of non-tensorial variables,
thus of quantities with an unlear geometrial meaning, sine they an be made to
vanish by a dieomorphism.
Therefore, it looks more appropriate to work with other variables ontaining rst-
order derivatives of the metri and transforming as tensors. In this respet, a for-
mulation based on Lorentz onnetions ωαβµ and on vier-bein vetors e
α
µ is the right
one (see setion 2.1 for notations).
Moreover, also from a physial point of view there are some problems. In fat,
onnetions are not fundamental elds in General Relativity, but they are related
to vier-bein by the rst struture equation. This feature enfores a seond order
formulation, but we an enrih the geometrial struture of spae-time, suh that
onnetions aquire an independent harater. This additional struture is given by
torsion.
Torsion Torsion is dened as the antisymmetri part of onnetions
T ρµν =
1
2
(Γρµν − Γρνµ) (3.23)
and its behavior under spae-time transformations is that of a tensor.
In GR standard assumptions are the vanishing of torsion and that onnetions are
metri-ompatible, i.e.
∇ρgµν = ∂ρgµν − Γσρµgσν − Γσρνgµσ = 0. (3.24)
By virtue of these hypothesis, it an be easily demonstrated that onnetions result
to be equal to Christoel symbols
Γρµν = {ρµν} =
1
2
gρσ(∂νgµσ + ∂µgνσ − ∂σgµν). (3.25)
If torsion is present, onnetions dier from the expression above and we have the
following modiation
Γρµν = {ρµν} −Kρµν Kρµν = −
1
2
(T ρµν − T ρµν − T ρνµ ), (3.26)
being Kρµν the ontortion tensor. The previous relation laries that the introdu-
tion of torsion provides new degrees of freedom, suh that onnetions are no longer
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determined only by the metri tensor. Moreover, we want to stress that, in general,
a modiation is produed in the symmetri part, too.
From a geometrial point of view, the presene of torsion implies that innitesimal
parallelograms do not lose.
One a rst order formulation is performed in terms of vier-bein and Lorentz onne-
tions, the torsion-less ondition arises from the rst struture equation (2.9). In fat,
ωαβµ must be vetors ontaining rst derivatives of vier-bein, while, from properties
of the Riemann tensor, it follows they have to be antisymmetri in indies α and β.
The only expression satisfying suh requests is given by ωαβµ = −eβν∇µeαν . Hene,
by substituting the expression for ωαβµ in the equation (2.9), the torsion vanishes,
i.e.
∂[µe
α
ν] − eγρ(∇[µeαρ )eν]γ = Γρ[µν]eαρ = 0. (3.27)
From alulations above, it is lear that if a term in the right side is present, torsion
annot be avoided.
Therefore, we have seen that as soon as torsion is present, we have additional degrees
of freedom, in suh a way that onnetions are independent from vier-bein vetors.
This way, a non-vanishing torsion fores us to give a rst order formulation. However,
not all kind of matter elds produes torsion, but only those ones whose Lagrangian
density ontains Lorentz onnetions ωαβµ . For instane, let us onsider the ase of
spinors.
Spinors in urved spae-time The introdution of spinors in a urved bakground
suggests the possibility to interpret ωαβµ as Lorentz onnetions. The formalism
suitable for the desription of spinors is based on the Dira algebra, whose main
properties an be summarized as follows:
• the existene of a Cliord algebra, i.e. an algebra generated by four matries
γµ (Dira matries) satisfying {γµ; γν} = 2ηµν ;
• the independene of Dira matries by oordinates, i.e. ∂µγν = 0;
• the onjugation relations γµ† = γ0γµγ0.
The implementation of this formulation on a urved bakground is non-trivial [39℄,
sine the extension of the rst ondition gives
{γµ; γν} = 2gµν , (3.28)
so that, being the right-hand side oordinate dependent, in general Dira matries
are not onstant. However, in order to dene the analogue of the seond ondition,
a new ovariant derivative Dµ has to be dened for spinors, suh that
Dµγ
ν = ∇µγν − [Γµ; γν ] = 0. (3.29)
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From this request, the expression for Γµ results to be as follows
Γµ = −1
4
γν∇µγν = − i
2
ωαβµ Σαβ, (3.30)
with Σαβ =
i
4
[γα; γβ] and γα = e
µ
αγµ. Sine the γα's are the projetion of the γµ's
on vier-bein indies, thus, on the tangent spae, they result to oinide with Dira
matries of the at ase. It an be demonstrate simply by multiplying relation (3.28)
times eµαeνβ.
Therefore, Σαβ are the generators of the Lorentz group transformations on the tan-
gent spae, from whih one argues ωαβµ as assoiated onnetions. In fat, we an
write Dira Lagrangian density for spinors on a urved spae-time as
Λψ =
i~c
2
[(
∂µψ¯ +
i
2
ωαβµ ψ¯Σαβ
)
γµψ − ψ¯γµ
(
∂µψ − i
2
ωαβµ Σαβψ
)]
. (3.31)
3.3 Gravity as a gauge theory of the Lorentz
group?
Starting from the expression of the Lagrangian density for spinors, one reognizes
ωαβµ having the same oupling with spinors as gauge bosons for the Lorentz group.
Hene, the formal development of the Dira theory in urved spaes seems to indiate
that ωαβµ implements the loal Lorentz invariane. This invariane would be manifest
in a non at spae-time, sine in this ase one an hoose dierent basis vetors of
the tangent spae in eah point. Therefore, new onnetions have to be introdued
in order to ensure invariane under this loal symmetry. In a Minkoswkian spae-
time this invariane would not arise, beause one usually identies the tangent spae
with the manifold itself (in other words one identies all tangent spaes), thus the
only Lorentz symmetry is a global one.
Torsion arises as a onsequene of the bak-reation of spinors on the spae-time.
In fat, being the variation with respet to ωαβµ into the Lagrangian density (3.31)
non vanishing, the following modiation of the struture equation (2.9) is provided
∂[µe
α
ν] − ωα[µ|β|eβν] =
1
4
ǫαβγδe
β
νe
γ
µJ
δ
A J
α
A = ψ¯γ
αγ5ψ, (3.32)
so the axial urrent provides us with a torsion term T ρµν =
1
4
ǫρνµσe
σ
δJ
δ
A. Hene, if we
substitute the solution of the struture equation in the Einstein-Dira Lagrangian
density, we obtain the so-alled Einstein-Cartan theory, with the well-known (and
non renormalizable) four fermions interation term
S =
∫ (
− c
3
16πG
R +
i~c
2
ψ¯γµ(0)Dµψ + c.c.− 3πG~
2
c3
ηαβJ
α
AJ
β
A
)
ed4x. (3.33)
Although the oupling between Dira spinors and the gravitational eld is the same
one as a gauge theory of the Lorentz group, nevertheless we annot onlude that
34
General Relativity is a gauge theory of the Lorentz group. First of all, the free La-
grangian density (the Einstein-Hilbert one) diers signiantly from the one of gauge
bosons, beause instead of a term RαβµνR
µν
αβ we have e
µ
αe
ν
βR
αβ
µν . Then, onnetions are
not the only variables, but we have additional elds, vier-bein vetors. There are
several attempts (see setion 3.4) to interpret them as onnetions assoiated with
translations, so to develop a gauge theory of the Poinaré group, but oneptual
problems are still present. In partiular, for innitesimal transformations, Lorentz
rotations, i.e.
δxµ = ǫµν(x)xν = θ
µ(x) ǫµν = −ǫνµ, (3.34)
annot be distinguished by translations
δxµ = χµ(x) (3.35)
being in previous relations ǫµν , thus θµ, and χ arbitrary funtions of spae-time o-
ordinates. This redution of loal Lorentz transformations to translations explains
while, in the standard treatment, onnetions assoiated with the former, ωαβµ , an
be obtained from those assoiated with the latter, eαµ.
Finally, we want to stress that in order to give a real physial harater to on-
netions, they annot be obtained by other elds, either a gravitational one, nor a
matter one. The reason for this request is lear, for example, in the Einstein-Cartan
theory: in this framework, torsion is non-vanishing only in points where a spin den-
sity is present. This way, it does not propagate, so it annot be deteted, beause
it is overwhelmed by the spin density itself in any plae and any time it is. Suh
kind of a eld has no physial meaning.
The previous speulations lead to onlude that a rst order formulation requires the
introdution of a fundamental torsion eld, whih must be present also in vauum
[110℄. For these reasons, the development of a gauge theory for gravity requires a
modiation of GR.
3.4 Poinaré gauge theory
Poinaré Gauge Theory (PGT) [34℄[35℄ is aimed at desribing loal Poinaré trans-
formations within the framework of the gauge formalism, i.e., by the introdution
of ovariant derivatives and onserved urrents.
Let us onsider an innitesimal global Poinaré transformation in Minkowski spae
xµ → x′µ = xµ + ǫ˜µνxν + ǫ˜µ, (3.36)
and the onsequent transformation law for spinor elds
ψ (x)→ ψ′ (x) =
(
1 +
1
2
ǫ˜µνMµν + ǫ˜
µPµ
)
ψ (x) , (3.37)
where the generators Mµν = Lµν + Σµν and Pµ obey Lie-algebra ommutation rela-
tions. If the matter Lagrangian density is assumed to depend on the spinor eld and
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on its derivatives only, L = L(ψ, ∂aψ), and if the equations of motion are assumed
to hold, the onservation law ∂µJ
µ = 0 is found, where
Jµ =
1
2
ǫˆνλMµνλ − ǫˆνT µν , (3.38)
where the anonial energy-momentum and angular-momentum tensors are dened,
respetively, as
T µν =
∂L
∂ψ,µ
∂νψ − δµνL, (3.39)
Mµνλ =
(
xνT
µ
λ − xλT µν
)− Sµνλ ≡ (xνT µλ − xλT µν)+ ∂L∂ψ,µΣνλψ. (3.40)
Beause the parameters in (3.38) are onstant, aording to Noether's theorem, the
onservation laws for the energy-momentum urrent and for the angular-momentum
urrents, together with the related harges, are established:
∂µT
µ
ν = 0→ P ν =
∫
d3xT 0ν (3.41)
∂µM
µ
νλ = 0→Mνλ =
∫
d3xM0νλ. (3.42)
When the theory is loally implemented, eq.s (3.38)-(3.42) do not hold any more, and
ompensating gauge elds have to be introdued in order to restore loal invariane.
As a rst step, a ovariant derivative Dkψ is dened as
Dkψ = e
µ
k Dµψ = e
k
µ (∂µ + Aµ)ψ = e
k
µ
(
∂µ +
1
2
AijµΣij
)
ψ, (3.43)
where the ompensating elds ekµ and A
ij
µ , and the generator Σij have been taken
into aount. This way, the Lagrangian density depends on the ovariant derivative
of the elds, instead of the ordinary one, L = L(ψ,Dkψ); ovariant derivatives (3.43)
don't ommute, but satisfy the ommutation relation
[Dµ, Dν ]ψ =
1
2
F ijµνΣijψ, [Dk, Dl]ψ =
1
2
F ijklΣijψ − F sklDsψ, (3.44)
where F ijµν and F
s
kl are the Lorentz eld strength and the translation eld strength,
respetively.
Covariant energy-momentum and spin urrents, T ′µν and S
′µ
ij , an be found, in anal-
ogy with the global ase, after the substitution ∂µ → Dµ, and are found to be
equivalent to the dynamial urrents τµν and σ
µ
ij ,
T ′µν = τ
µ
ν = e
µ
k
∂L
∂e νk
, (3.45)
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Sµij = σ
µ
ij = −
∂L
∂Aij µ
, (3.46)
whose meaning will be outlined throughout the rest of this setion.
A simple and illuminating example by Hehl et al. [92℄ illustrates the inadequay
of speial relativity to desribe the behavior of matter elds under global Poinaré
transformations. Global Poinaré transformations preserve distanes between events
and the metri properties of neighboring matter elds: omparing eld amplitudes
in nearby points before performing the transformation, and then transforming the
result, or omparing the transformed amplitudes of the elds is equivalent. This
property is known as rigidity ondition, as matter elds behave as rigid bodies under
this kind of transformations. On the ontrary, it an be shown that the ation of
loal Poinaré transformations an be interpreted as an irregular deformation of
matter elds, thus prediting dierent phenomenologial evidenes for the eld and
for the transformed eld. The ompensating gauge elds ekµ and A
ij
mu, introdued
to restore loal invariane, desribe geometrial properties of the spae-time: it
an be demonstrated that PGT has the geometrial struture of a Riemann-Cartan
spae-time.
The geometrial approah to PGT an be arried out by onsidering the most general
metri-ompatible linear onnetions, with 24 independent omponents, whih an
be written as a funtion of the torsion eld T µνρ (3.26).
Geometri ovariant derivatives are dened as
Dµψ = (∂µ + ωµ)ψ =
(
∂µ +
1
2
ωijµΣij
)
ψ, (3.47)
where spin onnetions ωijµ onsists of the bein projetion of the Rii rotation
oeients and the ontortion eld, respetively: ωijµ = Rijµ +Kijµ.
The gauge potentials e αi are generally interpreted as the onnetion between the
orthonormal frames (denoted by Greek indies) and the oordinate frames (denoted
by Latin indies), while the introdution of the gauge potentials ωαβi is onneted
with the relative rotations of the orthonormal basis at neighboring points: this
indues a hange in the derivative operator, i.e.
∂i → Di ≡ ∂i + 1
2
ωjki Σjk. (3.48)
The omparison between the gauge approah and the geometrial approah leads to
the identiation of the gauge eld Aijµ with spin onnetions ω
ij
µ, and the eld e
µ
k
with the omponents of the tetrad eld. This way, the identiation of the Lorentz
eld strength with the urvature, and that of the translation eld strength with
torsion are straightforward.
Torsion ontributes to the gravitational dynamis, aording to its gravitational
ation: it has been illustrated that [91℄ the most general form for a Lagrangian LT ,
whih allows for equations of motion that are at most of seond order in the eld
derivatives, is
LT = ATijkT
ijk +BTIJKT
JIK + CTiT
i, (3.49)
37
where Ti = T
j
ji. The values of the parameters A,B,C are to be determined a-
ording to the Physis that has to be desribed, and some relevant examples are
disussed in [90, 133, 93, 180℄.
For later purposes, it will be onvenient to restate the desription of PGT in a
slightly dierent formalism, whih allows for a better expliation of the role of spin.
Eq. (3.36) an be written as
ψ (x)→ ψ′ (x) =
(
1 +
1
2
ǫµνΣµν + ǫ
µPµ
)
ψ (x) , ǫγ ≡ ǫ˜γ + ǫ˜ βα δαi xi, ǫαβ = ǫ˜αβ ,
(3.50)
the generators of translations and spin rotations satisfying the relations:
[Σαβ ,Σγδ] = ηγ[αΣβ]δ − ηδ[αΣβ]γ, [Σαβ , Pγ] = −ηγ[α∂β], [Pα, Pβ] = 0. (3.51)
The advantage of eq. (3.50) onsists in keeping pure rotations distinguished from
translations. The orbital angular momentum is this way kept independent of the
spin angular momentum: the former is stritly related with the energy-momentum,
thus with the rotation-dependent part of ǫµ, while the latter is onneted with the
pure-rotation parameter ǫµν . In fat, if the analogy is drawn between a generi
dieomorphism and a global Poinaré transformation, it is impossible to perform
translations and rotations independently, but, when a loalized symmetry is onsid-
ered, this beomes possible, beause the parameters dening the transformation are
allowed to vary freely.
It is worth noting that, after the geometrial identiation of the ovariant gauge
derivative, eq. (3.46) beomes an algebrai relation between spin and torsion: sine
the relation is not dierential, torsion is not predited to propagate, but its existene
is bound to the presene of spin-
1
2
matter elds. Finally, the eld equations read:
1
e
Dj
(
eeiαe
j
β
)
= Siαβ, (3.52a)
R iα −
1
2
ei αR =
8πG
c4
T iα. (3.52b)
The rst equation is the rst Cartan struture equation, whih provides one with the
expression of onnetions of the group of rotations as a funtion of onnetions of
the group of translation and matter elds, while the seond equation is the Einstein
dynamial equation: tensor elds involved in the equations above must satisfy the
identities (2.6) and (2.5), thus prediting a non-propagative behavior for torsion.
3.5 The Holst formulation
If one wants to extend the formalism of GR, one must not ontradit its well-tested
preditions. An easy way to aomplish this task is to give simply a reformulation of
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gravity, whih does not modify the equations of motion, so that lassial dynamis
is unhanged. However some new features an arise as far as the quantization
proedure is onerned.
In this respet, one an add to the ation a topologial term, i.e. a piee that vanishes
as soon as equations of motion stand. This is the ase of the Holst reformulation
[97℄ of GR.
Holst took the following ation for the gravitational eld
SG = − c
3
16πG
∫
d4xeeµαe
ν
β
(
Rαβµν −
1
2γ
ǫαβγδR
γδ
µν
)
(3.53)
being γ a free parameter (the Immirzi parameter). If we perform variations with
respet to onnetions ωαβµ , we get
δS = − c
3
16πG
∫
d4xeeµαe
ν
β
(
δRαβµν −
1
2γ
ǫαβγδδR
γδ
µν
)
=
c3
16πG
∫
d4xδ(γ)Aαβν Dµ(ee
µ
αe
ν
β)
(3.54)
where derivatives Dµ at on spae-time and Lorentz indexes, i.e.
Dµe
ν
α = ∇µeνα − ω βµα eνβ , (3.55)
and new onnetions
(γ)Aαβµ (Barbero-Immirzi onnetions [27℄) are as follows
(γ)Aαβµ = ω
αβ
µ −
1
2γ
ǫαβγδω
γδ
µ . (3.56)
The last relation an be inverted for γ 6= ±i, giving ωαβµ = γ
2−1
γ2
(
(γ)Aαβµ +
1
2γ
ǫαβγδ
(γ)Aγδµ
)
,
therefore arbitrary variations of ωαβµ provide arbitrary variation of A
αβ
µ , so that a
stationary ation must provide for
Dµ(ee
µ
αe
ν
β) = 0. (3.57)
By substituting the relation above into the ation, whih is equivalent to the rst
Cartan struture equation (2.9), one nds the seond-order formulation. In this
framework, the yli identity for the Riemann tensor (2.5) provides us with the
vanishing of the Holst modiation, in fat we have
ǫαβγδee
µ
αe
ν
βR
γδ
µν = ǫ
µνρσRµνρσ = 0. (3.58)
The last relation demonstrates that the Holst ation diers from the Einstein-Hilbert
one by a term vanishing on-shell. Being equations of motion the same as GR, the
two formulations are equivalent in a lassial framework.
The ases γ = i and γ = −i (Ashtekar onnetions [12, 13, 26℄) are very peu-
liar, sine
(±i)Aαβµ turns out to be the self-dual and the anti-self-dual part of ω
αβ
µ ,
respetively, i.e. they satisfy
± i
2
ǫαβγδ
(±i)Aγδµ =
(±i)Aαβ . (3.59)
39
This way, by assigning omponents
(±i)A0aµ , the full onnetions ω
αβ
µ are determined
(
(±i)Aαβµ are omplex quantities, so
(±i)A0aµ and ω
αβ
µ have the same number of degrees
of freedom).
Moreover, the term Rαβµν ± i2ǫαβγδRγδµν ontains only (±i)Aαβµ , not (∓i)Aαβµ . Thus, being
(±i)Aαβµ the only variables appearing in the Lagrangian density, one performs vari-
ations with respet to them diretly. This way the I Cartan struture equations
(3.57) still ome out as equations of motion.
Furthermore, we an rewrite the full ation in terms of
(±i)A0aµ only, as follows
S = − c
3
16πG
∫
d4xe(eµ0e
ν
a ±
i
2
ǫ bca e
µ
b e
ν
c )
(±i)F aµν (3.60)
being
(±i)F aµν = ∂[µ
(±i)A0aν] ± i2ǫabc(±i)A0b[µ(±i)A0cν] the urvature assoiated to SU(2)
onnetions. This result is not surprising, sine it is well-know that the Lorentz
group is isomorphi to the diret produt of two SU(2) groups. The self-dual and
the anti-self-dual parts of SO(1;3) orrespond preisely to the projetion on these two
SU(2) groups, whih are related by a omplex onjugation. Therefore, we an replae
the Lorentz group by an SU(2)⊗ SU(2) one. We also want to stress that the Holst
ation for γ = ±i is simply the self-dual and antiself-dual projetion of the Einstein-
Hilbert one, respetively. It is the above mentioned possibility of the splitting of the
Lorentz symmetry into SU(2)⊗ SU(2), whih provides an explanation for the fat
that only
(i)Aαβµ or
(−i)Aαβµ are present in the ation. Conversely, for γ 6= ±i, the full
ation annot be rewritten in terms of
(γ)Aαβµ only, but also
(−γ)Aαβµ is required, even
though it has no evolutionary harater.
The onsiderations above outline the speial role played by Ashtekar onnetions.
They appear as the basi onguration variables in whih we an split ωαβµ and for
this reason, historially, they arose rst.
Although, we stressed how the Holst formulation is equivalent to GR, nevertheless,
after the ADM splitting, new anonial variables arise, together with a redenition of
onstraints. This last feature will be very useful in view of a anonial quantization.
3+1 splitting The splitting proedure we presented in setion 2.3 has been per-
formed in metri variables. Hene, we have to rewrite this formulation in terms of
vier-bein vetors. Sine at the end, the only dynamial oordinates are 3-geometries,
one usually simply introdues a set of 3-bein vetors eai on spatial hypersurfaes and
takes the onguration spae as given by N , Ni and e
a
i . However this hoie is
equivalent to the following identiation
e αµ =
(
N N ieai
0 eai
)
(3.61)
this way, one is xing the e0 vetor as normal to Σ (time gauge). Therefore, in this
framework, boost transformations are frozen out. As usual, one expets this pro-
edure not to lead to dierent results with respet to a fully ovariant formulation
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(see setion 5.7), beause a gauge symmetry has been xed.
Hene, one performs the splitting by substituting the form of 4-bein (3.61) in the
ation, thus obtaining
S = − c
4
16πG
∫
dtd3x
[
2Eia
(
1
2
∂t
(γ)Aai −
1
2
(∂iω
0a
t −
1
2γ
ǫabc∂iω
bc
t ) + ω
ab
[t ω
a
i]b −
1
2γ
ǫabcω
b0
[t ω
c
i]0 −
− 1
2γ
ǫabcω
bd
[t ω
c
i]d
)
− 2N iEja
(
R0aij −
1
2γ
ǫabcR
bc
ij
)
+ eeiae
j
b
(
Rabij −
1
γ
ǫabcR
c0
ij
)]
with
(γ)Aai =
(γ)A0ai and E
i
a densitized 3-bein ee
i
a.
From the last expression, it an be easily reognized that
(γ)Aai are the only vari-
ables with an evolutionary harater, while time derivatives of ωabt , ω
0a
t
(−γ)Aai do
not appear, therefore they behave as Lagrangian multipliers. By solving the equa-
tions of motion that ome from variations with respet to them and after a long
manipulations, one ends up with the following expression for the ation
S = − c
4
16πG
∫
dtd3x(−∂t(γ)AaiEia +
1
γ
ΛaGa +N
iHi +NH) (3.62)
being Λa = 1
2
ǫabc
(γ)Abc0 − 1γ (γ)A0k0 , while the new onstraints take the following form
Ga = ∂iE
i
a + γǫ
c
ba
(γ)AbiE
i
c (3.63)
Hi = Eja(γ)F aij (3.64)
H = 1
γ
ǫ jki e
i
a(
(γ)F ajk −
γ2 + 1
2γ
R ajk ) (3.65)
with
(γ)F aµν = ∂[i
(γ)Aaj] +
γ
2
ǫabc
(γ)Ab[i
(γ)Acj], while R
a
ij = ∂[iΓ
a
j] + ǫ
a
bcΓ
b
iΓ
c
j, being Γ
a
i =
−1
2
ǫabce
b
j∇iejc.
Therefore, in this framework onnetions
(γ)Aai turn out to be onguration vari-
ables, while densitized triads are onjugate momenta. The Hamiltonian is still a
ombination of onstraints, with a super-momentum Hi and a super-Hamiltonian
H, but, sine Λa behave as Lagrange multipliers, new onstraints arise, whose form
is that of Gauss onstraints in a SU(2) gauge theory. This is one of the key point of
this reformulation, sine it will allow for the use of quantization tehniques proper
of gauge models to gravity.
Indeed, sine the super-Hamiltonian is a onstraint not linear in momenta, in order
to have a gauge invariant ation a boundary term must be added [95℄.
For further appliations, it will be useful to rewrite the super-Hamiltonian onstraint
as follows
H = ǫabc
EajEbk(γ)F cjk
γe
− γ
2 + 1
4γ2e
E[iaE
j]
b K
a
iK
b
j (3.66)
being Kbi = Kije
jb
. The last expression diers from the relation (3.65) by a term
whih is proportional to the Gauss onstraint.
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In the ase γ = ±i, an important simpliation ours for the super-Hamiltonian,
beause the seond term in relation (3.65) disappears.
This way, the full set of onstraints, exept for a square root of the 3-metri in the
super-Hamiltonian, is polynomial in onguration variables and it results to be an
important feature in view of the quantization. The reason for this simpliation, as
pointed out by Samuel [157℄, deals with the geometrial meaning of Ashtekar onne-
tions. In fat,
(±i)Aai are the pull-bak on Σ of spae-time onnetions, i.e.
(±i)Aabν ,
the self-dual and the anti-self-dual onnetions of the Lorentz group. In general,
(γ)Aabi do not behave as onnetions, beause transformations they are related to do
not form a subgroup inside the Lorentz group itself (reently, there are attempts
[67℄ to reprodue Barbero-Immirzi onnetions from that of a spae-time related
to a redued SU(2) group, but the physial interpretation of suh a group is not
lear). This way, they have a muh more ompliated behavior under time dieo-
morphisms, whih is indued by the super-Hamiltonian itself. Other onsequenes
are that holonomies depends on the sliing [156℄ and the time gauge ondition turns
out to be ruial for the splitting above. As far as the last statement is onerned,
Alexandrov [1℄ stressed how, in a general Lorentz frame, seond lass onstraints
arise.
Despite the above-mentioned features of the Ashtekar ase, nevertheless the devel-
opment of a theory with real onnetions is free of reality onditions we have to
impose on the phase spae, in order to insure that 3-beins are real [145, 118℄. These
onditions are preserved by the Hamiltonian ow, but they indue deep omplia-
tions in a quantum regime. For this reason, the ase γ real is preferred. People
working on LQG often regards issues about transformation properties of ongura-
tion variables as aestheti problems [157℄ [171℄, sine the mathematial formulation
should allow for results invariant under some kind of symmetries, even though on-
guration variables are not suitable to those symmetries (i.e. non gauge-invariant
or with omplex behavior under transformations assoiated). However we want to
emphasize that while, from a lassial point of view, the use of variables is just a
matter of simpliation, being in priniple ongurations variables arbitrary, when
quantization proedures are applied, dierent hoies of variables are inequivalent
(for a omplete disussion on the quantization of onstrained systems see [94℄).
Furthermore, the Ashtekar formulation of GR looks very promising in view of
performing a uniation with the eletro-weak model. For instane, in the work
of Nesti and Perai [131℄ they reover the Lagrangian density of the eletro-weak
SU(2) setor and the one proper of Ashtekar reformulation (3.60) starting from a
gauge theory of the omplexied Lorentz group.
Finally, if Σ has no boundary, no term has to be added to have a gauge-invaraint
ation for γ = ±i [129℄.
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3.6 The Kodama state
One of the main issue in the determination of the gravitational eld dynamis is
the the searh for observables, i.e. of phase spae funtionals whih Poisson ommute
with the full set of onstraints (3.63), (3.64) and (3.65). However, in presene of a
osmologial onstant, a solution is known, the so-alled Kodama state [99, 100℄. Let
us onsider the Ashtekar ase γ = i: the introdution of a non-vanishing osmologial
onstant Λ provides us with the following super-Hamiltonian onstraint
H = −iǫabcE
aiEbj
e
(F cij +
Λ
3
ǫijkE
ck) (3.67)
while other onstraints are not modied. Hene one an easily demonstrate [161℄
that a solution is given by the state funtional
ψ[A] = e
2
3Λ
R
Σ
YCS [A]
√
hd3x
(3.68)
YCS being the Chern-Simons lass of the onnetions, i.e.
YCS[A] =
1
2
ǫijkδabA
a
i∇jAbk +
2
3
ǫabcǫ
ijkAaiA
b
jA
c
k. (3.69)
By studying the full system of equations of motion [161℄, it an be demonstrated that
these solutions desribe a De-Sitter spae-time, i.e. an homogeneous and isotropi
manifold with onstant urvature, given by the oeient Λ.
The Kodama state arises learly after the quantization as a solution of the full set
of onstraints, but, in this framework, problems with its normalization arise[115℄.
Nevertheless, as soon as a WKB viewpoint is taken (see setion 1.3), one an still see
how this state desribes a De-Sitter spae-time in the semi-lassial approximation.
The main appliations of the Kodama funtional are devoted to osmologial models
and to the study of the quantum behavior for homogeneous spae-times [64, 136℄.
This lass of models suers same problems (due to the omplex nature of variables
involved) as LQG. A onvining link with the LQG framework is still missing, even
though reently the extension to arbitrary values of the Immirzi parameter has been
given [141, 142℄.
Finally, although the Kodama state is the only exat solution to all quantum on-
straints, nevertheless its role in a anonial quantization of gravity has not been
ompletely understood [71℄.
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4 Quantization of the
gravitational eld
4.1 The WDW equation
If one wants to quantize the gravitational ation, the proedure to be followed is
one analogous to that for the relativisti partile, beause of the super-Hamiltonian
has hyperboli features.
If the metri representation is hosen, the anonial variables hij and π
ij
have to
be implemented as operators, i.e. hij(x) → hˆij(x) ≡ hij(x) and πij(x) → πˆij(x) ≡
−i δ
δhij (x)
, and anonial ommutation relations must be established, suh as
[hˆij(x), πˆ
kl(x′)] = iδklij δ(x− x′), (4.1)
while other ommutators vanish. The super-Hamiltonian (2.42) and the super-
momentum (2.41) must be turned into operators as well, H → Hˆ and Hi → Hˆi, and
their ation on the wave funtion has to be xed, i.e.
Hˆψ ≡′′ Gijkl(x)[hmn] δ
2ψ
δhij(x)δhkl(x)
′′
−
√
h(3)R(x)ψ = 0, (4.2)
Hˆiψ ≡
[
δψ
δhij(x)
]
;j
= 0, (4.3)
where ψ ≡ ψ[hij(x)]. In eq (4.2), whih is usually alled the Wheeler-DeWitt
(WDW) equation, the fator ordering for the Kineti term is not speied, while,
in eq. (4.3), a fator ordering an be hosen, suh that the wave funtional should
depend on the 3-geometry {hij} only, rather than on any spei representation.
Nevertheless, a fator ordering must be adopted, suh that the Dira algebra (i.e.
relations (2.51), (2.52) and (2.53)) is preserved.
4.2 The problem of time
As disussed in setion 1.2, one of the main issues in the quantization of the
gravitational eld is the problem of time. In this respet, here we point out the
main features of the two standard proedures, by whih a time parameter arises.
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Time before the quantization The rst approah we disussed is based on the
following proedure:
• the onstraints are solved lassially,
• a funtional T of the onguration variables is identied with the time param-
eter,
• the Hamiltonian assoiated with T is quantized.
A proper feature of these models is the hoie of the time-funtional. Suh funtional
must be a monotonially inreasing funtion, at least loally, and, after the quanti-
zation, has to provide a well-dened and onserved probability density. Moreover,
the separation between the time and other variables an be performed in dierent
ways, whih provide us with dierent senarios.
Among these approahes, we point our attention on the Brown-Kuhar˘ one. Their
standard work [40℄ (see also [158, 159℄) is based on the introdution of a dust,
whose world-line identies a preferred time-like diretion without violating General
Covariane. This diretion plays the role of time. In terms of onstraints, the super-
Hamiltonian and the super-momentum are modied by terms due to the matter
eld, i.e.
H′ = H +HD H′i = Hi +HDi . (4.4)
Hene, Brown and Kuhar˘ demonstrated that, by using the new super-momentum
onstraint, the super-Hamiltonian an be rewritten as follows
P + h(hij; π
ij) = 0, (4.5)
T and P being the proper time of dust ow lines and its onjugate momentum,
respetively, while for h they got the expression
h = −
√
G G = H2 − hijHiHj. (4.6)
Therefore, by taking P as a time parameter, an evolution desribed by the hamil-
tonian h follows. This hamiltonian turns out to be positive-denite and, starting
from the orresponding Shrodinger equation, a quantum desription for the system
an be given, together with a denition for an inner produt (but it ould be only
formal).
The Brown-Kuhar˘ approah relays on the dualism existing between time and mat-
ter [124℄, [121℄ in GR. In this respet, the properties a matter eld should have to
be a good lok are still under investigation.
A dierent proposal is that of Thiemann [172℄, who laimed to be able to introdue
an internal time. In fat his work onsists in the appliation of the Brown-Kuhar˘
formulations to a K-essene, whih omes out as a reli of the quantum desription
of spae-time geometry.
There is however a more general, even though rather formal, approah in order to
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derive an internal time parameter for the gravitational eld, the multi-time formal-
ism [108℄. This proedure is based on the redution of the Lagrangian to a anonial
form (see setion 2.5). For gravity, one identies among the omponents of the met-
ri tensor hij , some variables Hr (r = 1, 2) desribing the two degrees of freedom.
Hene, by performing a anonial transformation from {hij ; πij} to {Hr;P r} plus a
set {ξµ; πµ} (µ = 0, . . . , 3) of embedding variables, i.e. with no physial meaning,
the ation an be rewritten as
S = − c
3
16πG
∫
d4x(πµ∂tξ
µ + P r∂tHr −NH−N iHi) (4.7)
being H = H(ξµ; πµ;Hr;P r) and Hi = Hi(ξµ; πµ;Hr;P r). We an use the on-
straints H = 0 and Hi = 0 to get an expression for the momenta πµ in terms of
other phase spae oordinates, and then substitute into the ation (4.7), so having
S = − c
3
16πG
∫
d4x(P r∂tHr − πµ(ξµ;Hr;P r)∂tξµ). (4.8)
Finally, the multi-time idea onsists in a anonial quantization of ξµ and Hr vari-
ables, taking wave funtionals ψ = ψ(ξµ;Hr) whose evolution is provided by the
following set of Shrodinger-like equations
i~
δψ
δξµ
= πµ
(
ξµ;Hr;
δ
δHr
)
ψ. (4.9)
This formalism nds appliation espeially in osmologial settings [32℄.
Time after the quantization The seond approah is based on the Dira presrip-
tion for the quantization of onstrained systems (see [94℄ for a review on this topi).
This method onsists in imposing onstraints after the quantization proedure: one
promotes all variables in a suitable Hilbert spae (kinematial Hilbert spae) as op-
erators, then, being onstraints translated into operators ating on wave funtional,
physial states are imposed to be those states whih are annihilated by onstraints.
We want to stress that, even though one would prefer to quantize variables with a
gauge-invariant meaning, nevertheless symmetries play an important role in Quan-
tum Physis. For instane, partiles are lassied as irreduible representation of
the Lorentz groupor of gauge groups. This example explains how the preservation of
symmetries after the quantization turns out to be very useful. However, many om-
pliations ould arise, like anomalies, requests of regularization or problems with the
self-adjoint harater of onstraints operators, whih are usually solved by a suitable
hoie of the kinematial Hilbert spae.
In dealing with the super-Hamiltonian onstraints, this formulation is the so-alled
frozen one, sine the total Hamiltonian is onstrained to vanish, therefore no evo-
lution at all is provided. This result reets the absene of an external time param-
eter, proper of a dieomorphism-invariant theory. Therefore, time has to arise from
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a quantum degree of freedom, in a relational way.
An example of this approah is provided by the work of Rovelli and Smolin [150℄,
where, in the framework of the Ashtekar formulation (see setion 3.5), they perform
the quantization of gravity in presene of a salar eld T (x). By a partial xing of
the time oordinate, they demonstrate that the Hamiltonian onstraint redues to
the following ondition
1√
2µ
∫
Σ
πd3x+
∫
Σ
√−Hd3x = 0 (4.10)
being µ a onstant introdued for dimensional reasons, π the momentum onjugated
to T , while H is the super-Hamiltonian onstraint (3.66) for γ = i. This onstraint
is translated by the quantization proedure in the Shroedinger equation
i~
δΨ
δT
=
√
2µHˆΨ (4.11)
whih thus provide an evolution in terms of the salar eld T . Moreover, a regular-
ization proedure is found suh that Hˆ turns out to be nite and dieomorphism
invariant.
In more reent works, a standard proedure to provide a relational time has been
developed in terms of evolutions of partial observables among eah others [125, 146℄
(see setion 1.4). A proper evolution has been inferred in simple ases [128℄, while in
[127℄ properties of a general ovariant statistial mehanis has been outlined. The
appliation to gravity is the next task [58℄.
Other approahes Despite approahes disussed above, there are many heuris-
ti arguments for a solution of the problem of time based on a reformulation of
Quantum Mehanis. Suh speulations involve the physial haraterization of
the measurement proess in a quantum setting and the denition of observables in
a dieomorphism invariant framework. A promising tool in this diretion is the
onsistent-history approah [88℄, whih leads to spin-foam models (see setion 5.1.2)
or to topos theory [109℄, whih, however, turn out to provide deep oneptual and
tehnial ompliations.
4.3 Interpretation of the wave funtion
Even though a time parameter ould be introdued, nevertheless the implemen-
tation of the quantum desription is highly non-trivial.
For instane, the wave funtion of the Universe [178, 135℄, as a solution of the WDW
equation, on one hand, should maintain its role of dening the probability density
of events happening in the Universe, and, on the other hand, should be able to
reprodue the physial features of the Universe itself, both quantum and lassial.
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On of the most striking dierenes between the quantum and the osmologial wave
funtion if that, while the former depends on time expliitly and allows, under very
reasonable hypotheses, for the denition of a positive-denite probability distribu-
tion dp, i.e.
ψ = ψ(qi, t)→ dp = |ψ(qi, t)|2, (4.12)
the latter does not. In fat, it depends only on 3D metris and on matter elds,
i.e. ψ = ψ (hij(~x), φA(~x), while the dependene on time would make little sense,
beause of the invariane under arbitrary reparametrizations of the label time.
As far as the probabilisti interpretation is onerned, two main ases an be dis-
tinguished, when the superspae variables are all semilassial, or when a quantum
subsystem is taken into aount.
If we restrit the investigation to homogeneous superspae models, whose ation
reads
S +
∫
dt
(
pαh˙
α −N [gαβpαpβ + U(h)]) , (4.13)
where hα labels generalized superspae variables, and Pα their onjugate momenta,
the superpotential U = h1/2[V (φ)− 3R] denes the WDW equation(∇2 − U)ψ = 0. (4.14)
In the ase of semilassial variables, the wave funtion an be written as the super-
position of funtions of the ation S(h), as
ψ = A(h)eiS(h), (4.15)
whih admits a WKB expansion and leads to the onserved urrent
jα = |A|2∇αS, ∇αjα = 0. (4.16)
Here, the lassial ation S is an equivalene lass of lassial trajetories, and a
family of (n− 1)D hypersurfaes Σα rossed one by the trajetories, h˙αdΣα > 0. If
we take hn = t, eq. (4.16) rewrites
∂ρ
∂t
+ ∂aj
a = 0, a = 1, ..., n− 1, (4.17)
where ja = ρh˙a, and desribes ρ as the distribution funtion for an ensemble of
lassial universes.
The previous disussion an be easily generalized to a superposition of (4.15), ψ =∑
k ψk =
∑
k Ake
iSk
. If a family of equal-time hypersurfaes an be found for all the
possible Sk's, then the total distribution funtion an be expressed as
ρ =
∑
k
ρk + crossterms, (4.18)
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where the ross terms an be shown to produe no physially-relevant interferene.
The possibility of inluding small quantum subsystems, whih do not modify sig-
niantly the dynamis, among the superspae variables an be taken into aount.
Eq. (4.14) rewrites (∇20 − U0 −Hq)ψ = 0, (4.19)
where the index 0 refers to lassial variables only, and q to quantum eets only.
The pertinent wave funtion is
ψ(h, q) =
∑
k
ψk(h)χk(h, q), (4.20)
whih leads to the denition of the urrents
jα = |χ|2|A|2∇α0S ≡ jα0 ρχ, (4.21)
jν = − i
2
|A|2 (χ∗∇νχ− χ∇νχ∗) ≡ 1
2
|A|2jνχ, (4.22)
where α labels semilassial variables, while ν refers to the quantum subsystem: the
urrents are related by the ontinuity onditions
∇αjα +∇νjν = 0, ∇0αjα0 = 0, (4.23)
whih lead to the probability distribution
ρ(h, q, t) = ρ0(h, t)|χ|2. (4.24)
The normalization of probabilities an be easily heked, if one onsiders the volume
element dΣ = dΣ0dΣq, suh that ∫
ρ0dΣ0 = 1, (4.25)∫
|χ|2(det[gµν ])1/2dmq. (4.26)
4.4 The idea of Third Quantization
The quantization proedure, or, better, the attempts to quantize the WDW equa-
tion are usually referred to as third quantization[137, 78, 43, 65℄. As a result, the
prospet of reating and annihilating (interating) universes is envisaged.
As a rst step, the possibility of onstruting a Hilbert spae out of the spae of
the solutions ψ[G] must be investigated. Suh a Hilbert spae ontains the physi-
al states: in the oordinate representation, the state vetors are spae geometries,
while, in the momentum representation, spae geometries with given momentum
dene the orresponding Fok spae. The denition of this Hilbert spae requires
the fulllment of three onditions, i.e.,
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1. the hyperboli struture of the urved metri gµν ;
2. the stationarity of the spae time, i.e., the existene of a onformal time-like
Killing vetor;
3. the time independene of the potential term.
In fat, these hypotheses allow one to reognize the eigenfuntions of (4.2) as energy
eigenfuntions, and to split up these solutions into positive- and negative-mode
solutions. Aordingly, and inner produt an be dened, and a onserved urrent,
independent of the hoie of the hypersurfae, an be built out of the solutions,
Ω[ψ1, ψ2] ≡
∏
x
∫
DΣij(x)S12ij(x)[ψ1, ψ2], (4.27)
where
S12ij(x) =
1
2
Gijkl(x)ψ1[φ]
δ
↔
δhkl(x)
ψ2[φ], (4.28)
obeys the ontinuity equation
∇
δhij(x)
S12ij(x) = 0 (4.29)
where the fator ordering has not been speied and the derivation is performed
with respet to the Supermetri Gijkl(x)[gmn].
To verify the previous hypotheses, it's easy to hek that the saled Supermetri
G˜ijkl ≡ h1/2Gijkl obeys the Killing equation
LtmnG˜ijkl =
∂G˜ijkl
∂hmn
tmn − G˜ijmn ∂tkl
∂hmn
−Gmnkl ∂tij
∂hmn
= 0, (4.30)
where tmn ∝ hmn is the onformal Killing vetor, whih an be normalized as t˜mn =
i√
6
hmn. Two new oordinates an be introdued, T and γij , linked to the old ones
by the relations
t˜mn =
∂hmn(T, γij)
∂T
, γij = h
− 1
3hij , (4.31)
so that their onjugate momenta P and π˜ij dene the kineti and the potential term
of the resaled super-Hamiltonian,
G˜ijklπ
ijπkl = −P 2 + π˜mnπ˜mn (4.32)
and
− h(3)R[hmn] = −e
√
2
3
TR[γmn] + 8e
7
4
√
6
T
∆γe
1
4
√
6
T
, (4.33)
respetively. While (4.32) ensures that the metri is hyperboli, (4.33), whih is
the analog of the mass term in the free ase, does depend on T and is not positive
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denite.
To remove the last diulty, a suitable resaling an be taken into aount, suh
that the resaled potential term is time independent, while the restrition to geome-
tries with negative urvature salar renders it positive-denite. The impossibility of
dening a global time-like Killing vetor would lead, on the one hand , to the searh
for a loal time-like Killing vetor, and on the other hand, to the investigation of
those (asymptoti) regions of the universe, where suh a vetor an be found. In
the seond ase, however, it's worth remarking that, for a onsistent desription,
at least two asymptoti regions (lassial and quantum) should be admissible. Fur-
thermore, the problem of singularities and topology utuations an be addressed if
an interation term ∝ λψ4 is added to the super-Hamiltonian: this way, the WDW
equation would rewrite as a dynamial equation rather than as a onstraint one.
A more general potential term ould also be added and interpreted as an eetive
term that labels a partiular universe.
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5 Loop Quantum Gravity
5.1 Holonomies and Fluxes
We have seen in setion 3.5 a reformulation of General Relativity, whih provides
us with a phase spae like those of a gauge theory. This reformulation alone is
not able to provide a dierent quantum desription with respet to the Wheeler-
DeWitt approah. In fat, one an quantize Aai
1
and Eia, instead of hij and π
ij
, but
the Stone-Von Neumann presription insures that the two formulations are unitary
equivalent.
Therefore, Loop Quantum Gravity is based on an additional tehnial issue, the
quantization of variables adapted to the symmetries, i.e. the general ovariane and
the invariane under SU(2) gauge transformations, one deals with in the Ashtekar-
Barbero-Immirzi reformulation. At the end, the Hilbert spae representation will
turn to violate an hypotheses of the Von Neumann theorem, the strong ontinuity,
suh that a quantum desription of the gravitational eld dynamis not equiva-
lent to the Wheeler-DeWitt omes out. The new variables are elements of the
holonomy-ux algebra and they belong to the so-alled auxiliary Hilbert spae.
Hene, onstraints have to be imposed and one nds that there is one, and only one,
yli representation whih is gauge- and spatial dieomorphisms-invariant [68, 112℄.
Therefore, the kinematial Hilbert spae is unique.
The basi idea of this approah is to promote to quantum operators quantities with
a geometrial meaning muh more lear than onnetions. Inspired by a reformu-
lation in terms of form and vetor elds (whih we do not propose here), it turns
out that onnetions Ai = A
a
i τa are objets to be integrated on urves. Suh an
integration is usually performed on paths. Given a manifold, we dene a path as an
equivalene lass of piee-wise analyti oriented urve, where two urves are iden-
tied if they dier by a re-parametrization. A loop is a losed path, while a graph
is a olletion of paths. A graph an also be thought of as a olletion of edges,
i.e. of analyti paths. It is possible to show that the spae of loops with a ommon
point an be endowed with a group struture. Therefore, one introdues the parallel
transport of A along a urve xi = αi(t) (holonomies), with the following denition
Uα(A) = Pe
R
α
Ai(αk(t))
dαi
dt
dt. (5.1)
1
In what follows we will omit the supersript
(γ)
.
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Beause of the properties of parallel transport, its transformation law under SU(2)
gauge transformations Λ(x) is
U ′ = Λ(i)UΛ−1(f), (5.2)
where i and f are the initial and nal points of α, respetively. Hene, a gauge- and
re-parametrization-invariant quantity is obtained simply by taking the Wilson loop
hα(A), i.e. the trae of the parallel transport along a losed path.
5.1.1 Why a reformulation in terms of Wilson loops?
The framework in whih Wilson loops have been introdued is the path-integral
formulation of QCD on a lattie, where they provide tools to study the onnement
of quarks. The main point of this approah is that the potential between two stati
quarks an be obtained from the expetation value of Wilson loops onneting these
two partiles [181, 143℄. The result is that a linear potential is obtained, whih
produes the onnement.
Moreover, quantum states an be rewritten in terms of losed loops or of open ones,
with quarks at eah ending. Suh states represent lines of non-Abelian eletri uxes
and they turn out to be eigenstates of the Hamiltonian in the strong oupling limit,
i.e. as soon as the oupling onstant goes to innity [101℄.
Almost fteen years after their introdution, it was reognized that Wilson loops
are useful in view of the anonial quantization of a bakground independent model.
As far as the gauge symmetry is onerned, Giles [84℄ stressed how starting from
Wilson loops on the full (at) spae-time, onnetions an be reonstruted, modulo
a gauge transformation. Therefore the knowledge of hα(A) on any loop α gives all
gauge-invariant information. This framework is not very useful in gauge theories,
sine no simpliation ours by passing from the spae of onnetions to the loop
spae. However, as soon as one works in a bakground-independent framework, it
is possible to dene holonomies on knot-states, i.e. on equivalene lasses of loops
under dieomorphisms, so that they provide solutions to dieomorphism and Gauss
onstraint and belong to the kinematial spae.
However, there is a strong indiation that a proper quantization of gravity is based
on quantizing holonomies instead of onnetions in GR: the use of anonial ommu-
tation relations is not allowed for non-trivial phase spae topologies. Skipping some
tehnialities (whih an be found in [105℄), we rather prefer to give an example
[106℄.
Let us onsider a system with one positive oordinate q, q > 0, and onjugate
momentum p. After the quantization, states are dened in the Hilbert spae of
square integrable funtions on q, with support on the positive real axis. By imposing
anonial ommutation relations, q and p are promoted to hermitian operators for
whih the following ommutation relation stands
[qˆ; pˆ] = i~, (5.3)
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whih implies pˆ to be the generator of q-translation, i.e. φ(q+ǫ) = Uǫφ(q) = e
iǫpφ(q).
However, in this sheme, Uǫ is no longer a unitary operator, sine salar produts
are no longer onserved, i.e.∫ ∞
0
(Uǫφ1(q))
†Uǫφ2(q)dq =
∫ ∞
0
φ†1(q + ǫ)φ2(q + ǫ)dq 6=
∫ ∞
0
φ†1(q)φ2(q)dq. (5.4)
This feature outlines that the anonial ommutation relation must be replaed. In
partiular, a quantization based on the following ommutation relation
[qˆ; pˆ] = i~qˆ (5.5)
does not suer of suh inonsistenies.
An analogous, but muh more ompliated, analysis of the Wheeler Super-spae
performed by Isham [107℄ leads to similar onlusions for the appliability of anon-
ial ommutation relations to General Relativity quantization. Indeed, these results
stand only if onguration variables belong to a vetor spae. Nevertheless, an indi-
ation omes out that in Quantum Gravity elements of a non-anonial algebra have
to be quantized. In this sense Rovelli and Smolin [149℄ introdued the holonomy-ux
algebra, even though a diret link between their work and Isham's presriptions on
GR quantization has not been establish yet. This is due to the fat that the spae
of holonomies is not a vetor spae.
In order to introdue the physial meaning of suh an algebra, its appliation to
lattie gauge theories is presented in the following setion.
For a reent framework where Wilson loops have been applied to gravity see the
work [104℄, in whih a positive osmologial onstant is provided in a Quantum
Gravity senario.
5.1.2 Lattie gauge theories
A lattie k onsists of links and plaquettes; if an orientation is hosen for them,
edges e and faes f are dened, respetively, as oriented links and plaquettes, but
physial quantities are independent of the hoie of the (arbitrary) orientation. In
partiular, the lattie k is omposed of the edges on the boundary ∂k and the edges
in the interior, k0, so that
k = k0 ∪ ∂k, (5.6)
and Ek denotes the set of all the edges of k, {e}.
Connetions on the lattie are appliations that map the edges into elements of a
(ompat Lie) gauge group G,
g : Ek → G, (5.7)
e 7→ ge, (5.8)
ge being an element of the gauge group G, and the onguration spae of the on-
netions on k is Ak.
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Path integrals
2
, suh as
W [φ] =
∫ (∏
e∈k
dge
)
eiS(g)φ(g), (5.9)
are the quantities that desribe physial information. In (5.9),
(∏
e∈k dge
)
is the
Haar measure on G, S(g) is the ation, and the funtion φ(g) ∈ L20(Ak) denotes the
partiular physis to be desribed. The ation
S(g) =
∑
f∈k0
Sf (5.10)
an be written as the sum of terms referred to eah fae f ∈ k0 (fae ation): eah
term Sf is required to be gauge invariant and to depend on the edges of the fae
itself only.
Throughout this disussion, we will be interested in boundary-states amplitudes
Ω[φ], whose weighting funtionals φ[∂g] ∈ L20(A∂k) depend on the group elements
arried by boundary edges,
Ω[φ] :=
∫ (∏
e∈k
dge
)
eiS(g)φ∗(∂g), (5.11)
i.e., the wave funtion of a physial state, that is the probability of obtaining a
physial state from vauum. Any lattie gauge model an be turned in a physially-
equivalent desription by means of the spin-foam formalism.
Spin-network States A spin network is an oriented graph, whose edges e are
labeled by irreduible representations of a gauge group ρe (olours), and whose
verties v are labeled by an intertwiner Iv in the tensor produt
⊗i Vρi out ⊗j V ∗ρj in , (5.12)
where Vρ is the spae of the irreps of ρ. The mathematial meaning of the intertwin-
ers is mapping the operations on a group in the operations on another group. If one
deomposes the spae (5.12) in the sum of irreps, a sub-spae an be found, whih
transforms aording to the trivial representation, as it is omposed of invariant
vetors. In this piture, intertwiners form a map between ⊗iVρi out and ⊗jV ∗ρj in.
A spin-network state or funtional ΨS(g) an be assoiated to a spin network, suh
that
ψS(g) : ge → ρge , (5.13)
2
Although in [47℄ the whole desription is developed without speifying the hoie of a
Minkowskian or a Eulidean bakground, for our purposes it will be more onvenient to depit
the model in a Minkowskian frame
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and reads
ψS(g) =
(∏
v∈k
Iv
)(∏
e∈k
Dρeρe(ge)
)
(5.14)
where Dρe ≡ (dimVρe)1/2. The orrespondene (5.13) is not one-to-one, so that spin
networks an be dened equivalent if they lead to the same spin-network funtional.
Spin-network states dene the spae L20(Ak) of gauge-invariant funtional of the
onnetions Ak : aording to the Peter-Weyl theorem, the matrix elements of the
irreps of a group form a basis for the funtions of the Hilbert spae of the L2 funtions
of the group. If an orthonormal basis Bk for the intertwiners Iv is hosen, i.e.
Ia b =
1
Dρe
δa b, (5.15)
the basis for L20(Ak) will be orthonormal too; in this ase, the spin-network funtional
simply rewrites
ψS(g) = tr
[
ρ
(∏
i
gei
)]
. (5.16)
If only the edges on the boundary ∂k are taken into aount, B∂k is the orthonormal
basis for L20(A∂k). Loops are the spin networks on the edges that surround a fae
(the smallest graphs possible), and indue a basis for the fae ation (5.10), so that
the exponential in (5.9) rewrites
eiSf =
∑
Sf∈Bf
cSfΨSf , (5.17)
where cSf are suitable oeients.
The loop funtional is therefore the trae of the holonomy around a fae in a given
(irreduible) representation.
Spin Foams Spin foams are 2-dimensional branhed surfaes that arry irreps and
intertwiners: the denition of analogous to that of spin networks, but one dimension
has to be added. Eah branhed surfae F is omposed of its unbranhed omponents
Fi, so that F =
⋃
i Fi.
Given a spin network ψ, a spin foam F is an appliation suh that
∀ψ, F : 0→ ψ, (5.18)
and, given any two disjoint spin networks ψ and ψ′, a spin foams F is an appliation
suh that maps the former into the latter, or, equivalently,
∀ψ, ψ′, F : ψ → ψ′; F : 0→ ψ∗ ◦ ψ′, (5.19)
where ◦ denotes disjoint union.
A spin foam is non-degenerate i eah vertex is the end-point of at least one edge,
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eah edge of at last one fae, and eah fae arries an irrep of the group G.
Equivalene lasses an be established for spin foams: spin foams are equivalent if
one an be obtained from the other by ane transformation, subdivision or orien-
tation reversal of the lattie.
Let's analyze in some detail how to express the path integral (5.11) in term of
spin-foam amplitudes. The integration an be performed into two steps.
The path integrals an be integrated over k0, as φ∗(∂g) is not aeted by the inte-
gration, i.e.,
Ω[g] =
∫
∂g′=g
(∏
e∈k0
dg′e
)
eiS(g
′), (5.20)
and then inserted into (5.11), so that
Ω[φ] =
∫ (∏
e∈k0
dge
)
Ω(g)φ∗(g), (5.21)
(5.20) an be expanded into spin-network states. In fat, the exponential of the
ation an be expanded as
eiS(g) =
∏
f∈k0
eiSf (g) =
∏
f∈k0
∑
Sf∈Bf
CSfψSf (g), (5.22)
and, when substituted in (5.20), it brings the result
Ω[g] =
∫
∂g′=g
∏
e∈k0
dg′ee
iS(g′) =
∫
∂g′=g
∏
e∈k0
dg′e
∏
f∈k0
∑
Sf∈Bf
CSfψSf (g
′) =
=
∑
{f}→{Sf}
∫
∂g′=g
∏
e∈k0
dg′e
∏
f∈k0
CSfψSf (g),
where, in the last step, the sum has been drawn out of the integral, and all the
possible ongurations Sf for eah f have been taken into aount. The introdution
of spin foams is suggested by the need to evaluate eah term of the sum,∫
∂g′=g
∏
e∈k0
dg′e
∏
f∈k0
CSfψSf (g′) (5.23)
where spin networks are better organized into surfaes. In fat, two spin networks
belong to the same unbranhed surfae Fi if they share only one edge, and if this
edge is not shared with any other spin network. The unbranhed surfaes Fi either
are disonneted, or math other unbranhed surfaes. In the latter ase, the spin
foam is dened as the branhed surfae F = ∪iFi.
In order to evaluate (5.23), two non-trivial ases an be distinguished, i.e.,
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1. two loops math on one edge, and they arry the same label : the unbranhed
surfae is dened as single-olored;
2. more than two loops math on one edge, and Haar intertwiners ( a generaliza-
tion of inertwiner dened formerly) have to be introdued.
As a result, all the elements ontribute to the sum as follows
1. for eah vertex, a fator Av;
2. for eah single-olored omponent, a fator
∏
iAFi, where AFi ∝
∏
f∈fi Cfρ
and Cfρ ∝ Csf , the proportionality fator being a suitable power of dimVρ;
3. for eah branhing graph ΓF , the projetion properties of the Haar intertwiners
have to be taken into aount: as a result, for eah vertex of the branhing
graph, one has to sum over all the possible ways to assign an intertwiners to
the links of ΓF .
Colleting all the terms together, one obtains
Ω[g] =
∑
F⊂k
(∏
v∈ΓF
Av
)(∏
i
AFi
)
ψSf (g). (5.24)
The produt ∏
f∈Fi
Cfρ (5.25)
in general depends on the disretization, and only in partiular ases a geometrial
interpretation is possible.
The insertion of (5.24) in (5.21) gives the nal expression of the path integral Ω[φ].
If one expands φ(g) in terms of the orthonormal basis of spin networks,
φ(g) =
∑
S∈B(∂k)
φSψS(g), (5.26)
(5.21) reads
Ω[φ] =
∑
F⊂k
(∏
v∈ΓF
Av
)(∏
i
AFi
)
φ∗SF , (5.27)
i.e., the only non-vanishing ontributions are brought by boundary spin networks,
and eah spin-foam amplitude is weighted by the oeient of the orresponding
boundary state. The omparison between the path-integral formulation (5.11) and
(5.27) is eventually aomplished by notiing that the integration over onnetions is
replaed by the sum over spin foams, and the spin-foam amplitudes wighted by the
boundary funtional φSF play the role of the invariant measure and the exponential
of the ation, with a boundary weighting oeient φ(g).
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Bakground independene The mismath between the idea of bakground inde-
pendene and the geometrial interpretation of spin-foam models an be analyzed
by onsidering two possibilities:
1. spin foams an be identied with the entire lattie, whih plays the role of a
disrete spae-time;
2. spin foams an be interpreted as lattie-independent geometrial objets, whih
live on the lattie itself. The lattie, in this ase, is onsidered as an auxiliary
eld, whih has to be removed in the denitive model.
In the seond ase, the amplitudes desribed in the initial model must depend on
the geometry of the spin foams only, i.e., in the sum
Ωk[φ] =
∑
F∈k
(∏
v∈ΓF
Av
)(∏
i
AFi
)
φ∗Sf , (5.28)
eah fator A depends on the branhing graph only. The sum in (5.28) an be
extended to a bakground-independent sum over all the equivalene lasses of spin
foams F on a given manifold M , i.e.,
∑
F∈k →
∑
F∈M , so that
Ωk[φ] =
∑
F∈M
(∏
v∈ΓF
Av
)(∏
i
AFi
)
φ∗Sf , (5.29)
where abstrat (or topologial) spin foams are dened by means of abstrat spin-
network states, the equivalene lass of spin-networks states, invariant under home-
omorphisms of the boundaries. The extension (5.29) is possible only by the modi-
ation of the Hilbert spae, as spin networks are not dened on the boundaries. ∂k.
The new spae of boundary states H is dened as
H∂M =
{∑
i
aiSi : ai ∈ C, Si ⊂ M,n ∈ N
}
, (5.30)
i.e., a nite ombination of spin-network states, endowed with the struture of salar
produt
< S, S ′ >= δSS′, (5.31)
for whih the dual spae H
∗
∂M is dened, as usual, as
H
∗
∂M = {φ} : H∂M → C. (5.32)
The denition of suh a Hilbert spae is followed by the problem of overounting,
due to the homomorphisms h of the manifold M ,
h : M →M, A(h∗M) = A(M), φSh∗F = φS−F , (5.33)
whih an be gauged away á la Faddeev-Popov. The result is the denition of
abstrat or topologial spin foams, and the orresponding spin-network states ar e
the equivalene lass of spin-network states invariant under homeomorphisms of the
boundaries.
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5.1.3 Holonomies and uxes in Quantum Gravity
In this setion, we demonstrate how spin networks and spin foams arise in the
quantization of the gravitational eld by a non-anonial algebra.
Spin foams an be applied to ovariant quantum gravity, where they play the
role of the path integral [89℄, as the tool that onnets dierent gravity states (ge-
ometries) in time. In partiular, an equivalene lass of 3-geometries i on a 3-d
hypersurfae Si is represented by a spin-network state, and the history between two
dierent states is the spin-foam amplitude, i.e.,
< h2, S2|h1, S1 >=
∫
g/g(S1=h1),g/g(S2)=h2
DgeiIEH(g). (5.34)
where the measure Dg is aimed at outlining the oneptual analogy with Feynman's
approah [3, 69℄ rather than at dening any spei integration measure, whih will
be expliitly given, when needed, throughout the alulations.
Of ourse, the omposition of spin foams must be dened, suh that the transi-
tion between two states is independent of the intermediate states among whih the
transition is deomposed, i.e., in the sum
< h3, S3|h1, S1 >=
∑
h2
< h3, S3|h2, S2 >< h2, S2|h1, S1 >, (5.35)
the intermediate states 2 must arry a trivial representation, in the sense speied
in the previous paragraphs. As the probability of reating a state from the vauum,
a spin foam is dened as
|h1, S1 >=
∫
g/g(S1)=h1
DgeiIEH(g). (5.36)
Spin-network states an be dened following a proedure whih is slightly dier-
ent from the previous one, in order to realize how the geometrial properties of the
state t the onstraints of the ADM formulation [169℄.
Holomy-ux algebra Starting from a onguration spae whose elements are
holonomies, other phase spae variables are introdued, suh that the Poisson alge-
bra is well-dened, i.e. non-distributional. This result is ahieved by smearing Eia
in two dimensions, in partiular, given a surfae σ, one denes E(S) as
E(σ) =
∫
σ
ǫijkE
i
adσ
jkτa =
∫
σ
dudvniE
i
aτa, (5.37)
being u and v oordinates on the surfae σ and ni the normal vetor. The Poisson al-
gebra is that of ylindrial funtions Cyln, i.e. of n-times ontinuously dierentiable
funtions of holonomies
fα(A) = f(Ue1 , Ue2 . . .) (5.38)
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being e1, e2 . . . edges of the graph α.
Starting from the sympleti struture of the phase spae manifold generated by
(Aai ;E
i
a), we an alulate Poisson brakets between hα(A) and Ea(σ). We stress
that our proedure is purely formal, sine regularization has to be provided (see
[169℄ for details on the regularization).
Variational derivatives of hα(A) and E(σ) reads as follows
δhα(A)
δAai (x
j)
=
∫ 1
0
δ3(xj − αj(t))dα
i
dt
(Uα)
t
0(A)τa(Uα)
1
t (A)dt (5.39)
δE(σ)
δEia(x
j)
=
∫
σ
dudvniδ(x
j −XJ(u; v))τa, (5.40)
(Uα)
b
a(A) being the parallel transport of A along α = α(s) from the point s = a to
s = b.
By virtue of anonial ommutation relations , Poisson brakets turn out to be
{Ea(σ); hα(A)} =
∫
d3x
δEa(σ)
δEib
hα(A)
δAbi
. (5.41)
From the last relations, we see that, if σ and α have no ommon points, we end
up with expressions ontaining δ with dierent support, therefore the integration
provides a vanishing result. The same result is obtained if α belongs to σ, sine,
in this ase, vetors tangent to the graph are always orthogonal to ni. Hene let
us onsider loops with a nite number of intersetions with the surfae σ, they an
always be splitted in edges e, suh that any edge has at most one intersetion, whih
is the initial point. Finally, one obtains the following result
{Ea(σ); hα(A)} = 8πGγτa
∑
e⊂α
he(A)o(e, σ) (5.42)
o(α, σ) being 1,−1 if orientations of e and σ agree or disagree, respetively.
Hene, one an dene the ation of E(σ) on a generi ylindrial funtional by the
expression
Ea(σ)[f ] = {Ea(σ); f(hα(A))} (5.43)
with Ea(σ) ating as a vetor eld. The last two relations allow one to dene the
holonomy-ux algebra on the phase spae A. This algebra an be equipped with a
norm and the losure of A, A¯, with respet to this norm is a ommutative C∗-algebra
[17℄, with the ∗ operation given by omplex onjugation. The new algebra provides
a distributional extension of the old one.
In what follows we will disuss the quantization in the onnetion representation,
but the ation of operators an be seen in a more intuitive way as an ation on loops
[149, 54℄. This fat is based on the basi equivalene between the onnetions and
the loop representation [53℄.
In view of the quantization, the holonomy-ux algebra has to represented on a
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Hilbert spae. This an be obtained by the GNS onstrution (see setion 1.7),
taking the following state ω
ω(fα(A), E1, .., EM) =
{ ∫
dµ(g1)..dµ(gN)fα(g1, .., gN) M = 0
0 M 6= 0 . (5.44)
This way a unique Hilbert spae exists with a 3-dieomorphisms invariant mea-
sure, whih realizes a yli representation, with a self-adjoint ux operator. This
spae is that of square-integrable ylindrial funtion on A¯,
Haux = L
2(A¯, dµ), (5.45)
with the Ashtekar-Lewandowsky measure [17℄. A basis for this spae is provided by
spin networks (5.14).
Gauss onstraint Hene, we an impose the Gauss onstraints: we expand fun-
tionals in A¯ on spin networks
fα(A) =
∑
S
cSψS(A) =
∑
S
cS
(∏
vS∈k
Iv
)(∏
eS∈k
Dρeρe(he(A))
)
(5.46)
and, by the Dira presription, we solve
Gˆafα(A) =
(
∂i
δ
δAai
+ γǫcba
δ
δAci
Abi
)
fα(A) = 0. (5.47)
Let us onsider its ation on ψS(A): sine it generates a gauge transformation, whose
ation is given by relation (5.2), it provides us with a modiation in eah vertex.
Therefore, fα(A) an be made invariant under SU(2) transformations by the hoie
of invariant intertwiners, i.e. in terms of Iv omponents the following relation must
stand
Iv{j1,...,jr,j′1,...,j′s}{m1,...,mr,m′1,...,m′s}{l1,...,lr ,l′1,...,l′s}U
j1
l1n1
. . . U jrlrnrU
†j′1
l′1n
′
1
. . . U
†j′r
l′sn′s
=
= Iv{j1,..,jr,j′1,...,j′s}{m1,...,mr,m′1,...,m′s}{n1,...,nr,n′1,...,n′s}
r and s labeling edges starting and ending in v, respetively.
Links that arry a representation of the SU(2) group, verties where links interset,
and intertwiner whih map the operations in the tensor produt of the Hilbert spaes
of the representations arried by the links dene the spin-network states.
Super-momentum onstraint The super-momentum onstraint ats on fα(A) as
follows
Hˆifα(A) = F aij
δ
δAaj
fα(A) = 0, (5.48)
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and it maps the urve α to the dieomorphism-related one α′. In fat, if one takes
the below smeared ombination of Gauss and super-momentum onstraints ating
on parallel transport he(A) along an edge e,∫
d3xǫi(Hˆi − Aai Gˆa)he(A), (5.49)
the result obtained is the modiation of he(A) due to a 3-dieomorphism ating on
A and generated by the innitesimal vetor ǫ, i.e.,∫
d3x
∫ 1
0
dtht0(A)LǫAa(x)τah1t (A) = he(A + LǫA)− he(A). (5.50)
This modiation an be produed simply by operating with the inverse 3-dieomorphisms
on the edge e. Now the extension to a generi graph α is trivial.
Hene the operator orresponding to Hˆi, modulo gauge transformations, annihilates
those states, alled s-knots, whih are abstrat spin-network states, dened in the
Hilbert spae Hdiff . The Hilbert spae Hdiff an be obtained from Haux by onsid-
ering the invariane under dieomorphisms. This way, s-knots are invariant under
both dieomorphisms and SU(2) gauge transformations.
We want to stress that LǫA is well-dened only on smooth onnetions, so that Hˆi
does not at on the full algebra A¯. The 3-dieomorphisms invariane is restored by
onsidering nite transformations, for whih no inonsisteny arises, but one has to
onlude that innitesimal 3-dieomorphisms annot be implemented in the LQG
framework.
The denition of an Hilbert spae for solutions of the Gauss and of the super-
momentum onstraints an be given rigorously, sine it an be probed [22℄ that suh
states belong to the losure of A/G, i.e. of the A gauge invariant setor, with the
Ashtekar-Lewandowsky measure. Hene, the nal step is the determination of the
dynamis by the solution of the super-Hamiltonian onstraint.
5.2 Spetrum of spae-time operators
Being the kinematial Hilbert spae invariant under 3-dieomorphisms, not under
general oordinate transformations, one an dene area and volume operators on it.
One expets that the introdution of matter an give an invariant harater under all
4-dimensional dieomorphisms to area and volumes, so that they an be reognized
as physial observables.
The evaluation of the spetrum of suh quantities is strongly ompliated beause a
regularization proedure has to be introdued in a manifold without any bakground
metri. In what follows, we will give only formal proofs, having in mind that the
required regularization an be provided.
Let us onsider on spatial hypersurfaes a surfae σ, haraterized by a normal
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vetor ni and oordinates u, v. The area of S is given by the expression
A(σ) =
∫
σ
√
δabEianiE
i
bnjdudv, (5.51)
therefore the determination of its spetrum in a quantum framework is given by
evaluating the ation of Eiani on a generi parallel transport Ue(A) along an edge e
of a spin network. In this respet, we have
[Eiani](x)Ue(A) = 8πGγni(x)i~
δ
δAai (x)
Pe
R 1
0
Aj(e(t))
dej
dt
dt
(5.52)
and, in the ase only one intersetion exists, oiniding with the point t = 0, after
some alulations, we obtain
= 8πγl2P io(σ, e)τaUe(A)δ
2(xi − ei(0)) (5.53)
o(σ, e) being +1 or −1 if the orientations of σ and e oinide or not, respetively. If
no intersetion exists or e belongs to σ the expression (5.52) vanishes.
Therefore one an easily reognize that by squaring and summing on gauge indexes,
the result is as follows
δabEianiE
j
bnjUe(A) = (8πγl
2
P )
2CUe(A)δ
2(xi − ei(0)) (5.54)
C being the Casimir of the SU(2) group, δabτaτb = j(j + 1)I.
This way, one obtains for the area operator
A(σ)Ue(A) = 8πγl
2
P
√
j(j + 1)Ue(A), (5.55)
and for a generi spin network
A(σ)Tα{j} =
∑
e
8πγl2P
√
je(je + 1)Tα{j}, (5.56)
where the sum is on edges e of the graph α that has one intersetion with the surfae
σ (as usual, in those alulations, one an always split and re-parametrize graphs,
suh that intersetions are always one for eah edge and at its initial point). It an
be shown that A(σ) is self-adjont on Hkin.
The last relation learly shows that
• spin networks are eigenstates of the area operator,
• edges arry quanta of area;
• the area spetrum is disrete.
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Rovelli and Smolin [151℄ demonstrated, by onsidering an arbitrary bakground
metri, that the area operator an be expressed in terms of well-dened elements
of the loop representation and that results on spetra do not depend on the met-
ri. Moreover, Ashtekar and Lewandowski [18℄ obtained same results by applying a
regularization tehnique diretly in the spae of ylindrial funtionals.
Let us now turn our attention to the volume operator,
V (Ω) =
∫
Ω
√
hd3x =
∫
Ω
√
Ed3x, (5.57)
E being 1
3!
ǫijkǫ
abcEiaE
j
bE
k
c . Given a graph α and a funtion hα(A) of parallel trans-
ports along its edges e, the operator E ats as follows
E(x)hα(A) =
1
3!
ǫijkǫ
abcEia(x)E
j
b (x)E
k
c (x)hα(A) =
=
8iπγl2P
3!
ǫijkǫ
abcEia(x)E
j
b (x)
[ ∫ 1
0
dt
dαk
dt
(Uα)
t
0τc(Uα)
1
t δ
3(x− α(t))dt
]
=
and by ating with Ebj
=
(8iπγl2P )
2
3!
ǫijkǫ
abcEia
[ ∫ 1
0
dt
∫ t
0
ds
dαj
ds
(Uα)
s
0τb(Uα)
t
sδ
3(x− α(s))dα
k
dt
(Uα)
t
0τc(Uα)
1
t δ
3(x− α(t)) +
+
∫ 1
0
dt
dαj
dt
(Uα)
t
0τc(Uα)
1
t δ
3(x− α(t))
∫ 1
t
ds
dαk
ds
(Uα)
s
tτb(Uα)
1
sδ
3(x− α(s))
]
.
Finally, the third Eia operator provides us with a third integration
∫
dv along the
path α, together with a further δ(x − α(v)). All these δ's restrit the integration
on x = α(t) = α(s) = α(v), so we have t = s = v. The last ondition produes
a term ǫijk
dαi
dt
dαj
dt
dαk
dt
, whih is not vanishing if and only if there exist a point in
the graph α where tangent vetors form a set of three independent vetors. This
means that a vertex must exist inside the spatial region Ω. Moreover, sine, after
a regularization, the produts of the three δ-funtions redues to a single one in
the vertex, the evaluation of the expression (5.57) requires simply the alulation
of E(x) in that point. Hene, quanta of volumes are transported by vertexes of a
graph.
Therefore, let us onsider the ase in whih only a vertex v with n out-going edges
ei i = 1, . . . , n is ontained in Ω we obtain for the volume operator
V (Ω)hα = (8πγ)
3
2 l3P
√
|q|hα hα = ǫabc
∑
e,e′,e′′
o(v, e, e′, e′′)τ jea τ
je′
b τ
je′′
c hα, (5.58)
o(v, e, e′, e′′) being +1 or −1 if vetors tangent to e, e′ and e′′ in v have a positive
or negative orientation with respet to V (Ω) (as already pointed out, it vanishes if
tangent vetors are not independent), while the sum is performed over all edges of
α passing through v.
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In general, one must sum the expression above over all vertexes ontained in the
region Ω.
Although a set of eigenvetors has not been found yet, nevertheless it an be demon-
strated that the spetrum is disrete.
The regularization proedure is not well-dened as for the area operator; in fat, an
undetermined onstant appears in front of the volume spetrum. Moreover, results
obtained in the loop representation [151℄ dier from those in the spae of ylindrial
funtionals [19, 41℄. However, Giesel and Thiemann [79℄ laimed, by a onsisteny
hek on the equivalene between a quantization based on triads and one based on
uxes, that the latter is the orret one and that the undetermined onstant an be
xed.
Although a disrete the spetra for geometri operators is one of the most im-
pressive results of the LQG approah, nevertheless reently there has been a debate
whether it survives in the dynamial Hilbert spae [59, 148℄.
5.3 Quantum dynamis in LQG
The implementation of the super-Hamiltonian onstraint (3.66) is up to now the
major issue of the LQG program.
In this diretion a useful tool is to rewrite it [165℄ in terms of Ai = A
a
i τa, E
i = Eiaτa
and Ki = K
a
i τa as follows
H = 1
(2j + 1)γe
(
Tr(Fij[E
i, Ej ])− γ
2 + 1
4γ
[Ki, Kj][E
i, Ej]
)
, (5.59)
j being the dimensionality of the SU(2) representation τa. The fator
1
e
an be
reprodued by virtue of the volume operator, beause of the relation
[Ei, Ej]
e
(x) =
1
8πG
ǫijk2{V (Ωx), Ak}, (5.60)
where V (Ωx) is an arbitrary volume ontaining the point x. It will prove to be useful
the introdution of the quantity K,
K =
∫
Σ
Kai E
i
a, (5.61)
suh that the full super-Hamiltonian onstraint reads as
H = 1
(2j + 1)8πGγ
(
2ǫijkTr(Fij{V (Ωx), Ak})− γ
2 + 1
(8πG)2γ4
ǫijkTr([Ai, K][Aj, K][Ak, V ])
)
(5.62)
The last expression allows to dene the super-Hamiltonian operator on a quantum
level, being the volume operator well-dened on spin networks, while Ai and its
urvature an be obtained by a limit proedure on holonomies along an edge or a
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loop with desresing length. Indeed, the limit an be taken for a small but non-
vanishing length of the edges/loops involved. This feature reets the fundamental
disretness of the spae manifold.
As far as K is onerned, a similar alulation an performed. A suitable reg-
ularization proedure an be dened [165] and the determination of the dynamis
redues to the study of suh operators on spin-network funtionals. This will in-
volve a rather tehnial investigation, but, from a theoretial point of view, just a
nite number of operations have to be performed. This way, the Wheeler-DeWitt
equation has been redued to a ombinatorial problem.
In partiular, one nds that the eet of the operator Hˆ is to hange graphs by
removing or adding edges and to modify funtionals by raising or lowering quanta
of spin at edges, just like in quantum eld theories eld operators raise or lower the
number of partiles. For this reason Thiemann onluded that spin networks realize
the non-linear Fok representation for Quantum Gravity.
However, a dierent approah onsists in going over the anonial quantization and
referring to expliitly ovariant formulations, like those in terms of spin foams.
Spin foams and the Hamiltonian onstraint In the anonial formulation, from
a quantum-mehanial point of view, the Hamiltonian operator HN, ~N(t), omposed
of the super-Hamiltonian and the super-momentum onstraint, HN, ~N(t) = H[N(t)]+
~H[ ~N(t)], an be interpreted as the generator of quantum evolution from the initial
hypersurfae Σi(t = 0) to the nal hypersurfae Σf (t = 1), parametrized by the
proper time evolution U(T ),
U(T ) =
∫
T
dNd ~NUN, ~N =
∫
T
dNd ~Ne−i
R 1
0 dtHN, ~N (t). (5.63)
The evolution operator U(T ) enodes the dynamis of the gravitational eld, and its
expansion in powers of T an be shown to be nite order by order. The alulation
of the matrix element of suh an operator between two states of the gravitational
eld is stritly analogous to that followed in the familiar alulation of the S-matrix
elements in a gauge theory, and reads expliitly
< sf |U(T )|si >=< sf |si > +(−iT )
∑
α∈si
Aα(si) < sf |Dα|si > +
∑
α∈sf
Aα(sf) < sf |D+α |si >
+
+
(−iT )2
2!
∑
α ∈ si
∑
α′∈s′
Aα(si)Aα′(s
′) < sf |Dα′ |s′ >< s′|Dα|si > +... (5.63)
Suh a result an be obtained by splitting the alulation in several steps, i.e.,
1. the evolution from the initial hypersurfae to the nal one is expressed as a
sum over intermediate hypersurfaes, as skethed in (5.35). The intermediate
hypersurfaes dier by a small oordinate time, and the time evolution between
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two hypersurfaes an be written in terms of the dieomorphism that desribes
the shift between them, so that UN, ~N = D(g)U ~N,0;
2. the expansion of U ~N,0 and the insertion of the idential projetor where needed
leads to a sum, where, at eah order n, the operator D ats n times. Its ation
on the states is given by the oeients A, whih an be evaluated in terms
of the expliit form of the Hamiltonian onstraint;
3. U(T ) an be worked out of U ~N,0 after integrating over the lapse and the shift.
The rst integration follows diretly, as the integrand does not depend on N ,
and the seond one orresponds to the implementation of the dieomorphism
onstraint.
As a result, the matrix elements of the operator U read as (5.3), where generi
spin-network states have been substituted with the orresponding s-knots states.
Analyzing the geometrial meaning of the intermediate states, in whih the sum has
been split up, allows one to reognize (5.3) as a sum over spin foams. In fat, the time
evolution of a generi surfae si desribes a ylinder, whose time sliing are spin-
network states belonging to the same s-knot, unless any interation ours. When
operating on suh a state, the Hamiltonian onstraint generates a new state with
one new edge and two new verties, i.e., this struture is the elementary interation
vertex of the theory, as suggested by the omparison with ordinary gauge theories.
As a generalization, the Hamiltonian onstraint ats adding one dimension to the
spin-network state, and suh a new diretion an be interpreted as time, beause of
the geometrial onstrution of (5.3), thus opening the way for the interpretation of
these new states as spin foams. In fat, at the n-th order of sum, n new dimensions
are added, and the sum an be written as the sum of topologially inequivalent term,
where the weight of eah vertex is determined by the oeient of the Hamiltonian
onstraint. Furthermore, if the irreduible representation of the gauge group arried
by the edge of eah spin network is taken into aount during the addition of the
new verties, the resulting geometrial objets t the denition of spin foams given
in the previous paragraph, i.e., the implementation of the Hamiltonian onstraint
leads naturally to the sum over spin foams. Another approah to 4-d spin foams
an found in [28℄ and its developments, where a 4-dimensional state is onstruted
by the spin overing of the group SO(4).
5.4 Open issues in Loop Quantum Gravity
Super-Hamiltonian onstraint The main diulties of the LQG program are
onneted with the implementation of the super-Hamiltonian onstraint.
At rst, some ambiguities arise in the denition of Hˆ (for an example see [75, 139℄).
Some of them are linked to the regularization proedure itself. The question is
highly tehnial and the debate is open on the naturalness of some hoies, thus on
what ambiguities have a physial signiane (for tehnial disussions about this
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topis see [132, 171℄). We will not disuss these issues, but we fous our attention
on other points suh as the implementation of the Dira algebra of onstraints, the
semi-lassial limit and the denition of salar produt on solutions of the full set
of onstraints.
Dira algebra of onstraints The quantum implementation of the Dira algebra
of onstraints (2.51), (2.52) and (2.53) would demonstrate the absene of anomalies,
thus the onsisteny of the adopted quantization proedure. The rst problem one
faes is the impossibility to implement innitesimal 3-dieomorphisms in a represen-
tation of A¯. Beause of this issue, one refers to nite transformations and translates
ommutation relations in orresponding expressions, i.e.
Uˆ(φ)Uˆ(φ′)Uˆ−1(φ) = Uˆ(φ ◦ φ′ ◦ φ−1) (5.64)
Uˆ(φ)Hˆ(f)Uˆ−1(φ) = Hˆ(φ ◦ f) (5.65)
φ being an arbitrary 3-dieomorphism and Uˆ(φ) its representation. The rst relation
stands exatly on Haux, while the seond is reprodued modulo 3-dieomorphisms
[169℄.
However, the main question is the implementation of the last ommutation relation.
Although the operator orresponding to the right-hand side of the relation (2.53)
an be dened on Haux [167℄, nevertheless the equivalene with the left-hand side
stands only on a proper subspae (of its dual, see also [111℄). Whether the algebra
of onstraints has been reprodued this way is a question of debate; however this
quantum implementation stands at most on-shell. The last onlusion, if true, would
probe the absene of anomalies.
Semi-lassial limit The algebra of onstraints must be reprodued in view of
maintaining fundamental symmetries on a quantum level, but also to reprodue
on semi-lassial states the right transformations properties. However, no onvin-
ing semi-lassial state exists up to now in LQG. Earlier attempts to develop suh
states were based on dening funtionals with a well-dened geometri struture [86℄
or whih diagonalize holonomy operators [10℄. The issue of ombining both these
properties leads to the omplexier tehnique [168, 173, 174, 175℄, whih is a well-
dened proedure to dene oherent states for gauge theories. However, in the LQG
framework the denition of semi-lassial states is not unique [154, 20℄. Moreover,
sine those states result to be graph-dependent, the ation of the super-momentum
and of the super-Hamiltonian operators takes one state into a dierent one. There-
fore, these onstraints provide strong utuations, suh that the implementation
of semi-lassial onditions (small utuation around the expetation value) has not
been aomplished yet. This means that one annot investigate whether the quan-
tum algebra of onstraints reprodue the lassial one, or if Einstein's equations are
reprodued with semi-lassial orretions.
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The speulations above stress how the main diulty in the development of the
low-energy setor of LQG onsists in ombining semi-lassial tools with General
Covariane. In [15℄, Ashtekar pointed out that the group averaging proedure
ould be a powerful tool in this diretion, at least in the linearized ase.
The group averaging [22, 116℄ is a proedure to nd solutions of onstraints.
Given a onstraint Cˆ, ating on quantum states ψ, i.e.,
Cˆψ = 0, (5.65)
one an formally dene a solution as
ψCˆ =
∫
dλeiλCˆψ, (5.65)
being U(λ) a one-parameter group of transformations generated by Cˆ. For non-
ompat groups this proedure an dene states whih are not normalizable, thus
this implies to enlarge the Hilbert spae.
The group averaging is a formal proedure, whih works well only when the group
of transformations an be easily alulated from onstraints. In fat, it turns to
be very useful in mini-superspae models, as for instane isotropi osmologies (see
setion 5.5).
As far as the determination of semi-lassial states is onerned, there are example
where starting from kinematial states whih behave semi-lassially, by a group
averaging one redues utuations around expetation values [15℄. However, these
results have been obtained with onstraints muh simpler than those of GR. Sine
a lot of tehnial problems arise in dealing with more omplex ases, no denite
answer whether it an be applied to LQG exists up to now.
Finally, for an example on the development of a semi-lassial tetrahedron in a
spin-foam model, see [152℄.
Salar produts The introdution of a salar produt is one of the main point of
any quantization proedure in presene of onstraints. Here, beause of the om-
plexity of the super-Hamiltonian operator, it is a very diult task to analyze its
kernel [166, 167℄ and the possibility to extend the salar produt in Hdiff on it has
not been probed.
5.4.1 Master Constraint and Algebrai Quantum Gravity
The Master onstraint program proposed by Thiemann [170℄ purses the resolution
of the dynamis in a anonial way. Suh a proedure is based on quantizing the
Master-Constriant operator M instead of H. M is dened as
M =
∫
d3x
H2√
h
(5.65)
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The ondition M = 0 is equivalent to H = 0, thus they dene the same hyper-
surfae in the phase spae. Furthermore, sine M is 3-dieomorphisms invariant,
its ommutator with spatial dieomorphisms vanishes, so that it an be represented
on HDiff . This way, one overomes the issue of reproduing the Dira algebra of
onstraints.
As soon asM is quantized, the full Hilbert spae an be written as the diret sum
of spaes spanned by eigen-vetors of M. This way the issue of nding the physial
spae redues to determine the kernel of M.
It is also possible to give a denition for M suh that it is not graph-hanging
before the regolarization to take plae (it implies to start with an anomalous H).
The Master-Constraint quantization an be tested by proper semi-lassial states
in the ontext of Algebraial Quantum Gravity (AQG) [80, 81, 82℄. This theory
is based on transporting the mahinery of LQG on a fundamental algebrai graph,
from whih all graphs an be derived by an embedding. In AQG one deals with one
graph only, on whih normalizable oherent states an be properly dened.
Furthermore, the expetation value ofM has been evaluated, nding at the leading
order the lassial expression for M. This result demostrates that AQG has GR as
semi-lassial limit and makes this model very tantalizing for further developments
in Quantum Gravity (see also [83℄ for an appliation to a redued phase spae
quantization). The main issue with suh an approah onsist in in passing from the
algebrai level to the embedded one, thus in establishing a relation with results of
LQG.
5.5 Loop Quantum Cosmology
The diulties in implementating the quantization of the Hamiltonian onstraint
in LQG an be solved in some minisuperspae approahes. The most remarkables
ase is that of isotropi loop quantum osmology (LQC) [23, 24℄, where the LQG
quantization proedure is applied to a Friedmann-Robertson-Walker spae-time.
The metri tensor is the following one
ds2 = dt2 − a2
(
1
1− kr2dr
2 + dΩ2
)
(5.65)
k being 1, 0,−1 for a losed, at and open spae, respetively.
The only onguration variable is the sale fator a = a(t), suh it an be taken
as oordinates of the phase spae {c, p}
|p| = a2, c = 1
2
(k + γa˙). (5.65)
As soon as a duial metri
0hij is introdued, with assoiated triads
0eia and
onnetions
0ωabi , one gets
Aai = c ǫ
a
bc
0ωbci , E
i
a = p
√
0h0eia. (5.65)
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Hene, holonomies an be evaluated, starting from those ones assoiated to straight
paths µ0eia, whih read as
h(A)a = cos
µc
2
I + 2 sin
µc
2
τa. (5.65)
This way, one an take almost periodi funtions Nµ = e
iµc
2
as a basis in the ong-
uration spae. The algebra generated by {Nµ, p} plays the rome of the holonomy-ux
algebra, suh that by analogous onstrution of the general ase the Hilbert spae
turns out to be Hkin = L
2(RBohr, dµBohr), RBohr being the Bohr ompatiation
of the real line. An orthonormal basis is given by Nµ themeselves, with the measure
given by
< Nµ′ |Nµ >= δµ′,µ. (5.65)
The desription in terms of a ountable set of basis vetors is the main ahievement
with repset toWheeler-DeWitt quantum osmology. On a quantum level, the ation
of operators is given by
Nµψ(c) = e
iµc
2 ψ(c), pψ(c) = −i8πγl
2
P
3
d
dc
ψ(c), (5.65)
so that states |µ > an be dened for whih
< c|µ >= e iµc2 , p|µ >= 8πγl
2
P
6
µ|µ > . (5.65)
In what follows we will onsider the ase k = 0, while for k = 1 see [25℄.
The evaluation of the Hamiltonian onstraint involves the expression of the eld
strength F aij , whih an be obtained by the limiting proedure from holonomies. The
regularization proedure implies to x a minimum value µ = µ¯, just like the general
ase.
Sine the evaluation of the super-Hamiltonian involves the wolume operator V , it
is useful to introdue the basis |v >= 23/2
37/4
sign(µ)|µ|3/2|µ >, suh that
V |v >= 3
7/4
23/2
(
8πγ
6
)3/2
l3P |v||v > . (5.65)
Finally, the expression of H reads
Hµ¯ = sign(p) 4i
8πγ3µ¯3l2P
sin2 µ¯c
(
sin
µ¯c
2
V cos
µ¯c
2
− cos µ¯c
2
V sin
µ¯c
2
)
. (5.65)
It is worth noting that the limit µ¯→ 0 does not exists. There are dierent ways
of xing µ¯; among them a reasonable hoie is [50℄
µ¯|p| = 2
√
3πγl2P , (5.65)
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suh that the minimum area enlosed by a loop is given by the minimum area gap
predited by LQG (5.56).
The expression (5.5) an be made Hermitian by a proper fator ordering and a
possible hoie (see [37℄ for a dierent ordering) implies to rewrite it as
Hµ¯ = sign(p) 4i
8πγ3µ¯3l2P
sin µ¯c
(
sin
µ¯c
2
V cos
µ¯c
2
− cos µ¯c
2
V sin
µ¯c
2
)
sin µ¯c, (5.65)
whih, when applied to ψ(v), leads to the following dierene equation
Hµ¯ψ(v) = f+ψ(v + 4) + f0ψ(v) + f−ψ(v − 4) (5.65)
with
f+(µ) =
35/4
25/2
√
8π
6
lP
γ3/2
|v + 2|
∣∣∣|v + 1| − |v + 3|∣∣∣ (5.66)
f−(µ) = f+(µ− 4) f0(µ) = −f+(µ)− f−(µ). (5.67)
The replaement of the Wheeler-DeWitt dierential equation with a dierene
one is the most impressive result of LQC. As soon as a lok-like salar eld φ is
introdued the full Hamiltonian reads
Htot = H + 8πG
p2φ
|p|3/2 . (5.67)
suh that after the quantization (by a anonial treatment for φ) one ends up with
the following dierene equation giving the dynamis
∂2
∂φ2
Ψ(v, φ) = B−1(v)HΨ(v, φ) = ΘΨ(v, φ) (5.67)
where the inverse volume operator eigenvalues read
B(v) =
1
|p|3/2 =
35/4
23/2
|v|
∣∣∣|v + 1|1/3 − |v − 1|1/3∣∣∣3. (5.67)
The boundness of the operator orresponding to |p|3/2 has been one of the rst
hint towards the resolution of the osmologial singularity in LQC [36, 37℄.
From the last Klein-Gordon like equation, positive frequeny states an be iden-
tied and a Shrödinger dynamis is inferred, i.e.
i
∂2
∂φ2
Ψ(µ, φ) = −
√
Θψ. (5.67)
The physial Hilbert spae an be developed from HKin by the group averaging
tehnique.
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As far as the fate of the lassial singularity is onerned, one starts from an initial
semi-lassial Universe, desribed by a state sharply piked around µ = µ⋆ >> µ¯,
and evolves it bakward in time. What happens is that the state remains semi-
lassial during the evolution and a boune ours for µ ∼ µ¯, followed by an expan-
sion phase. Therefore, the lassial singularity is solved in the LQC framework.
It is very impressive to outline this senario in terms of eetive equations. In
fat, it omes out that quantum eets provide the following modiation to the
Friedmann equation [160℄ at the leading order in µ¯
a˙2
a2
=
8πG
3
ρ
(
1− ρ
ρcr
)
, (5.67)
ρ being the salar eld energy density, while ρcr =
√
3
16~G2π2γ3
. The last expression
emphasizes that quantum orretions behave as a negative pressure term, responsible
of the boune. For an extension of this result to general matter elds see [38℄, while
in [123℄ it is outlined how the inlusion of further orders in µ¯ aets signiantly
the Universe dynamis.
There has been inreasing interest in a modiation of the equation (5.5), suh
that one an solve dynamial equations for any quantum states, not only semi-
lassial ones [21℄. This model is known as simplied LQC (sLQC). It is expeted
that sLQC is a well-grounded approximation of LQC, sine deviations are very small
on most of the physial states. It has been demonstrated that the boune is a proper
feature of this simplied version for any state. Furthermore, the Wheeler-DeWitt
dynamis has been reovered by a limiting proedure for µ¯, but only loally. The
parameter µ¯ an be xed suh that the dierene between observables for sLQC and
the Wheeler-DeWitt theory is arbitrary small in a losed region. However, sLQC
is fundamentaly disrete, sine outside suh a region preditions are very dierent
from the ontinuous ase.
This result also points out that a fundamental sale exists at whih operators
must be evaluated. A possible esape from this onlusion involves the denition of
an eetive eld theory at any sale, suh that by a renormalization proedure the
ut-o an be removed [52℄.
This setion outlines how LQC is an arena where properties of the LQG quanti-
zation program an be tested, without most of the diulties proper of the general
framework. Indeed, LQC does not oinide with the osmologial setor of LQG,
sine the role of inhomogeneities is ruial on a quantum level. For instane, the
avoidane of the singularity in a generi osmologial model is questionable, sine
the inverse volume operator is unbounded [42℄.
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5.6 On the physial meaning of the Immirzi
parameter
We have seen in setion 3.5 how the Immirzi parameter, introdued as a fator
in front of a topologial term, plays no role lassially. Nevertheless, after the
quantization, it enters the spetra of observables, so it modies physial preditions.
This proves that quantizations in dierent γ-setors are inequivalent.
The interpretation of this ambiguity is far from being understood. Rovelli and
Thiemann [153℄ analyzed the way this parameter omes out. They onlude that
suh an ambiguity is a onsequene of two basi features:
• the ane struture of the onguration spae, in partiular the presene of
two variables (the extrinsi urvature and spin onnetions) playing the role
of onnetions,
• the quantization proedure, based on taking holonomies as fundamental vari-
ables in the Hilbert spae.
In fat, as pointed out by Corihi and Krasnov [49℄, if the quantization is performed
of a U(1) gauge theory in the holonomy-ux representation, an ambiguity omes
out, whih xes the quanta of the eletri harge. For non-Abelian theories, this
result does not stand, sine onnetions annot be resaled without violating the
gauge invariane of holonomies. However, if another onnetion-like variable exists,
it an be ombined with the old one, and the resulting theory presents a residual
ambiguity.
The Immirzi ambiguity is often assoiated with the so-alled θ-setor in QCD. It
onsists in the CP-violating term θǫµνρσF aµνF
a
ρσ, whih an be added to the La-
grangian density. Being a 4-divergene, it does not modify the lassial dynamis;
nevertheless, after the quantization, it an aount for the observed CP violations
in K-deays. However, we want to stress that, in a mathematial approah, these
ambiguities are dierent, sine the Holst modiation vanishes only for the solutions
of the equations of motion. Futhermore, Montesinos [126℄ outlined that for γ = ±i
the ontribution to onstraints oming out from the addition of topologial terms
(Euler and Pontrjagin terms) to the ation is not the same as that due to the Holst
modiation.
The presene of spinors modies this piture, therefore the introdution of fermions
an give a deep insight on the physial meaning of γ [119, 120, 140℄.
These speulations aim at regarding to the Immirzi parameter as a new fundamental
onstant, whih has to be xed from the marosopi limit. In this diretion, om-
parisons are made among the blak hole (BH) entropy expression predited by LQG
[14℄ and that given by BH thermodynamis (Bekenstein formula [31℄). In fat, by a
ounting of BH states, one gets an expression for its entropy, whih is proportional to
the horizon area. Reproduing the Bekenstein formula xes a proper value for γ. A
more reent estimate is based on quasi-normal modes of blak holes, instead, i.e. on
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the investigation of damped osillations, whih arise as linear perturbations. This
omparison starts from the orrespondene between lassial quasi-normal modes
and quantum transitions [62, 48℄. However, the result obtained is not onsistent
with the previous one and till now no denite answer on the meaning of this dis-
repany has been found.
Apart from these problems related to the assignement of a xed γ value, also from
a theoretial point of view there are some objetions againist regarding the Immirzi
parameter as a fundamental quantum ambiguity. The idea is that suh parameter is
unphysial and it arises beause variables violating some symmetry have been quan-
tized. For instane, the ovariant formulation of Alexandrov [1, 2℄ does not ontain
suh an ambiguity, but the issue of the quantization has not been obtained yet in
this framework. Similarly, some authors [73, 74℄ point out that the eet indued
on observables by a hanging of γ an be reprodued by a boost or by a onformal
saling for the 3-metri.
5.7 Time gauge and boost invariane
As we point out in setion 3.5, the splitting proedure in the ase γ 6= ±i is based
on a partial gauge xing, the time-gauge ondition e0i = 0. This way, one restrits
Lorentz indexes to spatial ones and, at the same time, is able to reprodue the Gauss
onstraint for an SU(2) gauge theory.
This standard proedure is based on the work by Barros e Sa [29℄, where he gave
the proof that this gauge xing is allowed. In fat, he onsidered a general Lorentz
frame by taking e0i = χae
a
i , where the additional χa-variables must be taken into
aount. By a Lorentz transformation Λ, suh that χa = −Λ0a/Λ00, one restores
the time-gauge ondition. This laries the physial meaning of χα as veloity
omponents of the Lorentz frame with respet to spatial hypersurfae. Sine, in
these variables, no gauge xing at all is performed, 3 new rst-lass onstraints
enforing boost invariane arise. However, the degrees of freedom ounting enables
one to realize that other onstraints has to ome out. They turn out to be seond-
lass. The treating of a system with seond-lass onstraints involves or solution
of suh onstraints and the quantization of reli variables or the substitution of
Poisson brakets with Dira ones [94℄. Barros e Sa [29℄ adopted the rst proedure
and found a solution to these onstraints. By resubstituting the solutions into the
ation, a rst-lass system omes out. Therefore, he onluded that boosts, being
assoiated with rst lass onstraints, behave as gauge transformations. Hene a
anonial quantization an be performed by a gauge xing, if no anomaly is present,
sine dierent gauge setors are expeted to be related by a unitary transformation
on a quantum level.
In this respet it has been demonstrated [44℄ that this onlusion stands in a
seond-order formulation. In suh a framework the spatial metri reads hij = (δab−
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χaχb)e
a
i e
b
j and the Hamiltonian formulation is given in terms of variables (e
a
i , χa)
and onjugated momenta (πia, π
a).
The new set of onstraints is the following one
H = πiaπjb
(
1
2
Eai E
b
j − EbiEaj
)
+ h3R = 0
Hi = Dj(πjaEai ) = 0
Φab = π
cδc[aχb] − δc[aπib]Eci = 0
Φa = πa − πbχbχa + δabπibχcEci = 0
(5.67)
where last onditions enfore the boost invariane.
By xing χa funtions, boost onstraints an be solved. Then, after the quantization
of reli variables, a lass of unitary operators onneting dierent χ-setors an be
reognized. This result implies that the boost symmetry has been represented in
a quantum framework, therefore observables are not aeted by the χa funtions
xing.
Alexandrov [1, 2℄ solved seond-lass onstraints by substituting Poisson equations
with Dira ones. This way he was able to reprodue the Gauss onstraints for the full
Lorentz group. Then he applied the mahinery of the Loop quantization program
to his model and ended up with a formulation without the Immirzi ambiguity. This
result indiates that these two methods leads to inequivalent quantizations.
It is not lear yet how these two disrepant points of view an be ombined
together.
5.8 The piture of the spae-time
The LQG quantization program provides us with a desription of the quantum
spae-time far apart from that oming from the Wheeler-DeWitt quantization and
muh loser to a Quantum Field Theory for the geometry.
In the standard Wheeler-DeWitt approah, the funtional spae, on whih one is
looking for an Hilbert spae struture, is that of Supermetris. This spae is an
innite one, no disrete struture arises in this ontext. Quantum states are linear
ombinations of 3-geometries. This way the link with General Relativity is easily
established, but the quantization program is still laking.
Otherwise, in LQG the phase spae is similar to a gauge theory one. Congurations
variables are non-loal objets, i.e. holonomies, whose physial meaning is the same
as Faraday lines for the eletro-magneti eld. States are linear ombinations of
spin networks, suh that a disrete struture naturally omes out. The quantization
of areas and volumes makes this quantum struture manifest. The emergene of a
ountable set of basis vetors is a great ahievement in view of a seond quantization
approah.
However, diulties in performing the semi-lassial limit learly indiates that
the onnetion between quantum states and General Relativity is missing. This lak
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is linked with the absene of a satisfying measurement theory for a bakground-
independent model and it forbids a real onnetion with experiments, exept for
some mini-superspae approximations. For instane, there are hints that a non-
ommutative struture for spae-oordinates arises [16℄, but there are no indiations
whether this point an provide testable preditions, suh as violations of the Lorentz
symmetry. This sort of violation would be a very useful point in view of a omparison
with experiments [46℄. For a link between Lorentz violations and the measure theory
in Quantum Gravity see [117℄.
Reently Markopoulou and Smolin [114℄ proposed that the quantization of non-loal
objets, proper of LQG, an provide a potential problem with non-loality also for
the marosopi metri tensor.
For these reasons the denition of semi-lassial states is the basi task of the LQG
quantization program.
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